Journal of Magnetic Resonance 173 (2005) 259–279
www.elsevier.com/locate/jmr

Triple-quantum dynamics in multiple-spin systems undergoing
magic-angle spinning: application to 13C homonuclear
correlation spectroscopy
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Abstract
We analyze the multiple-quantum dynamics governed by a new homonuclear recoupling strategy eﬀecting an average dipolar
þ þ
Hamiltonian comprising three-spin triple-quantum operators (e.g., S þ
p S q S r ) under magic-angle spinning conditions. Analytical
expressions are presented for polarization transfer processes in systems of three and four coupled spins-1/2 subject to triple-quantum
ﬁltration (3QF), and high-order multiple-quantum excitation is investigated numerically in moderately large clusters, comprising up
to seven spins. This recoupling approach gives highly eﬃcient excitation of triple-quantum coherences: ideally, up to 67% of the
initial polarization may be recovered by 3QF in three-spin systems in polycrystalline powders. Two homonuclear 2D correlation
strategies are demonstrated experimentally on powders of uniformly 13C-labeled alanine and tyrosine: the ﬁrst correlates the single-quantum spectrum in the ﬁrst dimension with the corresponding 3QF spectrum along the other. The second protocol correlates
triple-quantum coherences with their corresponding single-quantum coherences within triplets of coupled spins.
 2005 Elsevier Inc. All rights reserved.
Keywords: Multiple-quantum coherence; 3Q recoupling; Magic-angle-spinning; Symmetry-based pulse sequences

1. Introduction
Multiple-quantum coherences (MQC) have found
widespread use in solid state NMR for spectral editing
purposes and for probing molecular structure, such as
measuring internuclear distances and molecular torsion
angles [1–3]. MQC may only develop in systems of
coupled spins, where in this work we consider the
through-space dipolar interaction. Creating MQC requires application of radio-frequency (RF) pulse sequences eﬀecting suitable eﬀective Hamiltonians.
Hitherto, the most exploited pulse schemes in static solids eﬀect either two-spin 1Q dipolar Hamiltonians [4]
comprising operators of the type S þ
p S qz , or 2Q operators
*
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þ
of the form S þ
p S q [5–8]. Such sequences will be referred
to as providing 1Q and 2Q recoupling, respectively. As
the highest excitable coherence order in a spin cluster
equals the number of coupled spins-1/2 therein, techniques for optimal excitation of MQC have been developed in static solids for determining cluster sizes and
their topologies. Consequently, the MQC dynamics
resulting from 1Q or 2Q eﬀective dipolar Hamiltonians
have received considerable attention by theoretical,
numerical, and experimental studies [1,4–14].
However, as the dipolar interactions are averaged out
by magic-angle spinning (MAS), high-resolution solid
state NMR requires rotor-synchronized recoupling sequences to provide dipolar Hamiltonians involving multiple-quantum operators. To date, many 2Q recoupling
techniques exist [15]. Unfortunately, the generation of
MQC in powders under MAS conditions is much less
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eﬃcient than in static samples, in particular for coherence orders higher than two. As a result, the excitation
of high-order coherences have found comparatively little
attention in MAS NMR. Nevertheless, 3QC have been
useful for spin counting [16] and estimating peptide torsion angles [17] and dynamic order parameters in elastomers [18]. Further methodological and theoretical
developments are therefore needed to remedy the diﬃculties in high-order MQC excitation under MAS conditions. As a dent towards this solution, we have recently
demonstrated a new strategy for reintroducing MAS-averaged interactions in a systematic manner [19,20], based
on symmetry-based CN mn and RN mn pulse sequences [21]
in conjunction with average Hamiltonian theory
(AHT) [22,23]. This approach builds on concepts introduced for MQC excitation in static samples [24] but differs from previous homonuclear recoupling strategies
under MAS conditions, in that the desired average
Hamiltonian arise from commutators (usually called
‘‘cross-terms’’) between operators from two spin interactions. This approach is referred to as second-order recoupling [19,20,25]. It makes it feasible to obtain more
complex Hamiltonian terms than the one- or two-spin
operators normally encountered in the high-ﬁeld spin
Hamiltonian, or any average Hamiltonian derived thereof to lowest (i.e., ﬁrst) order.
Focusing on 3Q dipolar recoupling, we have presented second-order recoupling schemes leading to
homonuclear dipolar cross-terms comprising three-spin
þ þ
3Q operators (e.g., S þ
p S q S r ) [19,20]. We have experimen1
tally demonstrated H [19] and 13C [20] 3QC excitation
in organic molecules. The purpose of the present article
is to analyze the dynamics generated by a 3Q Hamiltonian, with particular focus on the mechanism and eﬃciency of 3QC excitation in multiple-spin systems,
polarization-transfer processes between spins subject to
a 3Q Hamiltonian, as well as the potential of obtaining
structural parameters through triple-quantum ﬁltration
(3QF) experiments. This treatment thus parallels previous MQC analyses carried out for two-spin 1Q and
2Q Hamiltonians [4–6,8,9,12].
Two homonuclear 2D correlation strategies incorporating 3QF are demonstrated experimentally on powders of uniformly 13C-labeled alanine and tyrosine.
The ﬁrst is a NOESY-type experiment [26] that correlates 1QC along each spectral dimension. The second
protocol correlates triple-quantum coherences with their
corresponding single-quantum coherences within triplets
of coupled spins, and may be viewed as a 3QC analog of
the 2Q INADEQUATE experiment [27], also implemented in solid state NMR [28–31]. The pulse schemes
are introduced and demonstrated on alanine in the following section, and results on tyrosine are discussed in
Section 9. Appendix A reviews restrictions that apply
when using second-order recoupling pulse sequences
within 2D experiments.

We outline the general strategy for generating a pure
3Q average Hamiltonian in Section 3, and demonstrate
in Sections 4–6 that its resulting 3QC dynamics may
be solved exactly in three- and four-spin systems. These
expressions give 3QF amplitudes as function of the excitation interval (i.e., the duration over which recoupling
is eﬀected), involve the dipolar couplings within the system, and provide insight into general 3QC excitation
trends. Sections 7 and 8 present numerical AHT calculations of the buildup of 3QC and higher-order MQC in
systems of six and seven spins, initially prepared either
with longitudinal or transverse polarization.
Nevertheless, our analysis is somewhat pragmatic; despite that in some cases it is possible to eﬀect such ideal 3Q
average Hamiltonians using supercycled pulse sequences
[20], in general, the MQC dynamics of the sequences considered here is governed by a mixture of three-spin 3Q
and zero-quantum (ZQ) Hamiltonian terms, leading to
less tractable spin dynamics, that are generally not exactly
solvable. The combined eﬀects of 3Q and ZQ average
Hamiltonians were brieﬂy considered by numerical simulations of three-spin systems in [20], and will be discussed
further here within the framework of 2D correlation spectroscopy in multiple-spin systems.

2. Pulse schemes
2.1. 3Q dipolar recoupling sequences
We focus particularly on the 3Q recoupling scheme
ðR1873 Þ31 that belong to the class of symmetry-based
3Q phase-cycles, denoted ðRN mn Þ31 [19,20]. Such a sequence is formed from an RN mn cycle [21,32,33], in turn
constructed from a composite p-pulse element R. In this
work we employ the windowed element [20,34]
RðbÞ ¼ fb0  sw  p0  sw  bp g:

ð1Þ

The ﬂip angle b of the pulse element should typically be
b  55 for optimal 3Q recoupling [20]. sw represents a
‘‘window’’ during which the RF-ﬁeld is turned oﬀ, and
timed such that N concatenated elements of duration
sR = nsr/N extend over exactly n rotational periods
sr = 2p/xr, where xr is the MAS frequency. As explained in [20,34], the performance of the RN mn sequence
is optimized when the fraction of the pulses relative the
total duration of sR is minimized (and hence the fraction
of the windows is maximized); this is speciﬁed by the
pulse fraction fp
fp ¼ s1
R

pulses
Xin R

sp :

ð2Þ

p¼1

The RN mn sequences as used here are constructed by a
N/2-fold repetition of the sequence R/R R/R , where
/R = pm/N represents a phase-shift [21,32,33].
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The corresponding 3Q phase-cycle ðRN mn Þ31 ; extending over the interval T = 3nsr, is formed from the
sequence


 

ðRN mn Þ31  RN mn 0 RN mn 2p RN mn 4p
ð3Þ
3

3

with the subscript denoting an overall phase-shift. The
ðR1873 Þ31 scheme spans 9 rotational periods and may
be formulated
9

9

9

ðR1873 Þ31  ðR70 R70 Þ ðR190 R50 Þ ðR310 R170 Þ ;

ð4Þ

9

where the superscript (. . .) implies nine repetitions of
the pulse sequence within parenthesis, with the subscripted phase-shift speciﬁed in degrees.
If ðR1873 Þ31 is applied to an ensemble of systems comprising at least three coupled spins at thermal equilibrium in a strong magnetic ﬁeld, longitudinal
polarization is converted into 3QC. This may be used
in a triple-quantum ﬁltration (3QF) experiment to select
only spin triplets that may enter a 3QC spin ensemble
state. Fig. 1A shows such an experimental pulse scheme,
where it is assumed that the recoupled spin species S

Fig. 1. Various pulse schemes incorporating triple-quantum ﬁltration
(3QF) using the 3Q recoupling sequence ðR1873 Þ31 . (A) The prototype
version, resulting in a 3QF S-spin spectrum; initially employing
polarization transfer from abundant I-spins, followed by 3QC excitation with ðR1873 Þ31 (light shaded S RF-channel blocks). The coherences
are converted into longitudinal polarization by applying another
sequence of ðR1873 Þ31 (dark shading), with a phase-shift Urec according
to Eq. (5). (B) 3QF 1Q–1Q 2D correlation experiment. (C) 3Q–1Q 2D
correlation experiment. All narrow rectangles represent p/2 pulses. The
exploited coherence transfer pathway is indicated beneath each
sequence (B and C).
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(e.g., 13C) are surrounded by a network of abundant
spins I (e.g., 1H). The experiment starts by heteronuclear
polarization transfer to the S spins by cross-polarization
from the I spins, whereupon the latter is decoupled
throughout the reminder of the experiment, for example
using TPPM [35]. 3QC excitation is subsequently carried
out by application of qexc phase-shifted R1873 units of the
ðR1873 Þ31 3Q phase-cycle, giving the 3QC excitation
interval sexc = 3qexcsr. The 3QC are converted back into
observable 1QC by another ðR1873 Þ31 segment of duration srec = 3qrecsr, followed by a p/2 read pulse and signal acquisition. Note that it is not necessary to use
qexc = qrec [31,36]. The reconversion block has an overall
phase shift
Urec ¼ U0rec þ U3QF ;

ð5Þ

U0rec

where
is an odd integer multiple of p/3 (in our
implementations equal to p) and U3QF is cycled in six
steps to select solely the coherence transfer pathways
±3 ﬁ 0 [37].
2.2. 2D homonuclear correlation protocols
The 3QF experiment may be modiﬁed to build 2D
homonuclear correlation schemes. Two such versions
are shown in Figs. 1B and C.
In Fig. 1B, the evolution interval ‘‘t1’’ is inserted prior
to the 3QF stage, resulting in a 3QF 2D correlation
experiment utilizing the 3Q recoupling sequence as a
mixing period. First, each spin is evolving under its
chemical shift during t1. The single-quantum coherences
are converted into z-polarization, which is subsequently
ﬁltered through 3QC, resulting in polarization transfer
within triads of coupled spins. Hence, the resulting 2D
spectrum reveals spin connectivities. This experiment is
analogous to previously introduced approaches relying
on a 2Q recoupling Hamiltonian [28,38], with the main
distinction that the current 3QF version allows direct
(as opposed to ‘‘relayed’’ [37], henceforth called ‘‘indirect’’ [31]) through-space polarization transfers between
spins separated by one as well as two bonds. This is evidenced by the 3QF 1Q–1Q correlation 13C spectrum
from a polycrystalline sample of [13C3]alanine (Fig. 2);
cross-peaks appear between the C–Ca as well as C–Cb
pairs of spins. However, spin–spin correlations are only
established provided that 3QC excitation is feasible. For
instance, no 2D NMR peaks would appear from the
same experiment performed on diluted [13C2]glycine,
and this experiment may lead to spectral simpliﬁcation
in uniformly labeled macromolecules.
A pulse scheme for 3Q–1Q correlation spectroscopy
is depicted in Fig. 1C: the evolution interval is now inserted between the pulse blocks for 3QC excitation and
reconversion. This experimental strategy was previously
introduced for 1H 3Q–1Q correlations [39] and was
brieﬂy discussed in the current context of second-order
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Fig. 2. 2D 3QF 1Q–1Q correlation spectrum from a powder of [U-13C,15N]L -alanine (partially deuterated), recorded at B0 = 4.7 T and xr/2p
= 7.6 kHz, using the pulse scheme of Fig. 1B with equal durations of ðR1873 Þ31 for 3QF excitation and reconversion: sexc = srec = 2.76 ms
(corresponding to qexc = qrec = 7). The recoupling pulses employed xCnut =2p ¼ 110 kHz and Rðb ¼ 52 Þ; fp = 0.33. Proton decoupling nutation
frequencies were xHnut =2p ¼ 110 and 117 kHz during 13C pulses and windows of ðR1873 Þ31 , respectively, with 1H RF phases speciﬁed in [20].

based recoupling in [20]. During t1, the triple-quantum
coherences evolve under the sum of chemical shift interactions within the spin triad. Next, the 3QC are reconverted into observable transverse magnetization by
another sequence of ðR1873 Þ31 irradiation of duration srec
followed by a p/2 pulse and signal acquisition. The
iso
iso
phase factor expfit1 ðxiso
p þ xq þ xr Þg involving the
sum of isotropic chemical shifts of the pqr spin triplet
(anisotropic chemical shifts, producing sidebands in
the x1-dimension, are disregarded) is generally unique
to each 3QC and corresponds to the x1 coordinate in
the 2D 3Q–1Q correlation spectrum. Fourier transformation of the s (t1,t2) set produces a 2D spectrum that
correlates each 3QC with its three corresponding
single-quantum coherences. [13C3]alanine represents
the simplest spin system producing only one peak in
the x1 dimension of its 3Q–1Q correlation spectrum
(Fig. 3).

3. Second-order 3Q dipolar recoupling
This section brieﬂy outlines the gist of generating a
time-independent 3Q average Hamiltonian. A more detailed formulation may be found in [19,20].

3.1. Dipolar interaction under MAS
We consider a system of three spins-1/2 (of species
S), denoted p, q, and r and coupled pair-wise as pq,
pr, and qr by the through-space dipolar interaction.
Other spin interactions such as chemical shifts and
J-couplings are ignored. The Hamiltonian HK of a
general spin interaction K is a product of a component m of a lth rank spatial irreducible spherical tensor AK, and a component l of a kth rank spin
irreducible spherical tensor operator TK [22,23]. The
spin and spatial parts are denoted AKlm and T Kkl , respectively, with the components taking integer values in
the range l 6 m 6 l and k 6 l 6 k. The homonuclear S–S dipolar interaction is second rank with respect to rotations of its spatial and spin rank (l = 2
and k = 2).
The high-ﬁeld dipolar Hamiltonian for the coupling
pq may be expressed


1
1 þ 
 þ
H pq ðtÞ ¼ xpq ðtÞ pﬃﬃﬃ 2S pz S qz  S p S q þ S p S q
;
2
6

ð6Þ

where application of MAS imposes a time-dependence
of the dipolar frequency according to
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tation relative to the rotor frame is parametrized by
XMR, that are randomly distributed in a powder.
3.2. 3Q average Hamiltonian
In an RF ﬁeld interaction representation, the dipolar
Hamiltonian of spin-pair pq may be expressed [41]
X
~ pq ðtÞ ¼
~ pq ðtÞT pq
H
ð10Þ
x
2l
l

and the total Hamiltonian is given as a sum over the
three pairs of dipolar couplings
X X
~ ðtÞ ¼
~ IJ ðtÞT IJ
H
ð11Þ
x
2l :
IJ ¼pq;pr;qr

l

A time-independent average Hamiltonian may be
obtained by applying the Magnus expansion [42]
H ¼H

ð1Þ

þH

ð2Þ

þH

ð3Þ

þ 

ð12Þ

over the period T of a time-periodic pulse sequence
starting at time-point t0. This procedure leads to a series
of time-independent average Hamiltonian expansion
terms [22,23]:
13

15

Fig. 3. 2D 3Q–1Q correlation spectrum of [U- C, N]L -alanine at
4.7 T with acquisition parameters as given in Fig. 2. The spectrum
displays one peak in the x1-dimension, at the 3QC frequency of the
three 13C sites in the molecule.

H

H

ð1Þ

ð2Þ

1
¼
T

X

X

IJ ¼pq;pr;qr

l

¼ ð2iT Þ

T IJ
2l

X

1

Z

t0 þT

~ IJ ðtÞ;
dt x

ð13Þ

t0

Xh

KL
T IJ
2l2 ; T 2l1

i

IJ ;KL¼fpq;pr;qrg l2 ;l1
IJ 6¼KL

xpq ðtÞ ¼

2
X


R 2
0
½Apq
2m  d m0 ðbRL Þ exp imðaRL  xr tÞ :

ð7Þ

d 2m0 ðbÞ is a second-rank reduced Wigner element [40],
and a0RL deﬁnes the rotor position at time origin t = 0.
R
½Apq
2m  is the mth dipolar component in a rotor frame R
ﬁxed on the sample
holder; its z-axis subtends the angle
pﬃﬃﬃ
bRL ¼ arctan 2 with respect to the static magnetic ﬁeld.
The rotor-frame component is related to the coupling
constant bpq by a sequence of rotations, involving an
intermediate molecular frame M that is ﬁxed on an arbitrary fragment of the molecule
R

Z
t0

m¼2

½Apq
2m  ¼



2
X
pﬃﬃﬃ
2
6bpq exp fimcMR g
D20m0 ðXpq
PM Þd m0 m ðbMR Þ
m0 ¼2
0

 expfim aMR g

ð8Þ

with the dipolar coupling constant bpq related to the
internuclear distance rpq and the gyromagnetic ratio
cS, according to
l
hr3
ð9Þ
bpq ¼  0 c2S 
pq :
4p
The set of Euler angles Xpq
PM deﬁnes the orientation of the
principal axis system P (whose z-axis coincides with the
p–q internuclear vector). Likewise, the crystallite orien-

t0 þT

dt0

Z

t0

~ IJ ðt0 Þx
~ KL ðtÞ;
dtx

ð14Þ

t0

where the summation is over all distinct spin pairs, selected from the set of couplings {pq,pr,qr}. Note that
we employ a perturbation order indexing starting at
one, as in [43,44].
The aim in recoupling is traditionally to obtain the
desired average Hamiltonian by means of Eq. (13): this
is referred to as ﬁrst-order recoupling and is eﬀected by
rotating the laboratory frame Hamiltonian by the sequence of RF pulses, such that the spin system is eﬀectively evolving under a new, transformed Hamiltonian.
However, we are interested in obtaining a 3Q average
dipolar Hamiltonian, which is proportional to threeþ þ
  
spin operators of the form S þ
p S q S r and S p S q S r . As
the laboratory frame dipolar Hamiltonian may only be
rotated into a linear combination of two-spin operators
T2l, three-spin 3Q operators are only achieved to second-order AHT: hence the terminology second-order
recoupling [19,20,25]. According to Eq. (14), the ±3Q
Hamiltonian terms arise from commutators involving
a 1Q operator from one coupling pair (e.g., T pq
21 ) and
a 2Q operator ðT qr
Þ
from
a
diﬀerent
pair.
In
the
pres22
ence of several interactions (chemical shifts and J-cou-
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plings), the resulting ﬁrst and second-order average
Hamiltonians comprise a large number of contributions.
The application of a ðRN mn Þ31 pulse sequence ensures
that only 3Q and ZQ dipolar terms are recoupled
[19,20]. The ZQ terms may be removed by another stage
of supercycling, at a price of a slightly modiﬁed form of
the 3Q average Hamiltonian [20]. Isotropic J-couplings
also survive ðRN mn Þ31 schemes. While J-couplings commute with the 3Q Hamiltonian in three-spin systems,
they interfere with the 3QC dynamics in larger systems.
Illustrations of the impact from ZQ terms and J-couplings on the 3QC dynamics will be considered in Section 9; up to that point we ignore their eﬀects.
The total second-order 3Q average Hamiltonian in a
large spin system is a sum over the contributions from
all distinct spin-triplets pqr, and may be expressed

X 1
þ þ
  
xpqr S þ
H 3Q ¼
ð15Þ
p S q S r þ xpqr S p S q S r :
4
p<q<r
The 3QC frequency xpqr is expressed as a sum over pairwise products of dipolar couplings bpqbpr, each multiplied
by a scaling factor j depending on the particular recoupling sequence used. Its explicit expression is given in [20].

4. Deﬁnition of polarization transfer functions
In the following, we assume a system of N coupled
spins-1/2, a single crystallite orientation parametrized

by the Euler angles XMR and that the intervals for excitation and reconversion of 3QC are equal: sexThe function fq3Q
describes the
c = srec = s.
S !qT
polarization transfer from a density operator of the
source ensemble state qS ” q (t = t0) going through
3QC to a target state qT. In the superoperator formalism
[37,45], it may be formulated
fq3Q
ðs; XMR ; U0rec Þ
S !qT


b exc ðs; XMR Þ j qS
b rec ðs; XMR ; U0 Þ Pb ð3Þ U
qT j U
rec
¼
ðqS j qS Þ

ð16Þ

ð3Þ
with Pb being a super-operator for ﬁltering of 3QC.
The propagation superoperator for 3QC excitation is

b comm sg;
b exc ðs; XMR Þ ¼ expfi H
U
3Q

ð17Þ

where the superscript
comm denotes a commutator
b comm jBÞ  j½A; BÞ [37,45]. The reconversuperoperator: A
sion propagator is related to the corresponding excitation propagator through
b rec ðs; XMR ; U0 Þ ¼ R
b z ðU0 Þ U
b exc ðs; XMR Þ R
b z ðU0 Þ;
U
rec

rec

rec

ð18Þ
where the z-rotation
superoperator
is given by
comm
comm
b z ðUÞ ¼ expfiU b
R
Sz
g, and b
Sz
is the commutator
superoperator for the total z-angular momentum operator Sz = Spz + Sqz + Srz +   .
The transfer may take various 3QC pathways, as
illustrated for the case of four coupled spins in Fig. 4.

Fig. 4. (A) Depiction of systems comprising four coupled spins-1/2 (p, q, r, and s) in a linear conﬁguration. Light and dark shadings indicate
unpolarized and polarized spins, respectively. The system at the top has equal polarization of all spins, i.e., for an ensemble of such systems, the
density operator is given by q = Sz = Spz + Sqz + S rz + Ssz. (B) Depiction of four distinct triple-quantum coherences. The spins involved in each 3QC
are encircled, and the remaining spin is shaded. (C) Illustration of the transfer of total z-polarization (qS = Sz) through total 3QC with the target state
3Q
also corresponding to z-polarization (qT = Sz): the 3QF amplitude as function of the 3QC excitation interval (s) is described by the function fZ!Z
ðsÞ.
pqr
(D) Illustration of the transfer process fp!q ðsÞ, implying that the initial polarization of spin p is transferred through 3QC of spin triplet pqr over to
spin q.
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We classify the various processes as follows: (i) transfer
through total 3QC of the spin system, denoted by a
superscript 3Q (f 3Q) and (ii) transfer through one
3QC, in the following exempliﬁed by 3Q (pqr) and denoted f pqr. If no superscript is speciﬁed for a transfer
function, its result apply generally either to the total
3QC or one 3QC component.
In the cases considered here, both the source (qS) and
target (qT) ensemble states correspond to z-polarization:
we focus on transfer either from a system initially having
equal polarizations of all spins, qS = Sz, or with initial
polarization of only one spin, say qS = Spz. Both scenarios are illustrated in Fig. 4A. We will employ the follow3Q
ing shorthand transfer function notation: fZ!Z
denotes
the transfer of total z-angular momentum through total
3Q
3QC coherence, S z ! S z , where 3Q is given by the sum
over all distinct spin-triplets (Fig. 4C). For example, in a
three-spin system, 3Q = 3Q (pqr), whereas in a four-spin
system
with
spins
(p,q,r,s),
3Q = 3Q (pqr) +
3Q (pqs) + 3Q (prs) + 3Q (qrs). The polarization transfer
3QðpqrÞ
from spin p to spin q through 3Q (pqr), S pz ! S qz , is
pqr
denoted fp!q and shown in Fig. 4D. According to Eq.
(16), these two examples correspond to

b exc ðs; XMR ÞjS z Þ
b rec ðs; XMR ; U0 Þ Pb ð3Þ U
ðS z j U
tot
rec
ðS z jS z Þ

Pb pqr

(i) The direction of transfer is irrelevant up to a normalization factor involving the target state:
fqS !qT ðsÞ fqT !qS ðsÞ
¼
:
ð26Þ
ðqT jqT Þ
ðqS jqS Þ

fqS !Z ðsÞ ¼

allX
spins

fqS !p ðsÞ:

ð27Þ

p

respectively. The projection super-operator for ﬁltering
through the coherence 3Q (pqr) is given by
þ þ
þ þ þ
 
  
jS þ
jS 
p S q S r ÞðS p S q S r j
p S q S r ÞðS p S q S r j
¼ þ þ þ þ þ þ þ      
ðS p S q S r jS p S q S r Þ ðS p S q S r jS p S q S r Þ

for single crystallite orientations, or the corresponding
powder averages.
With our assumption that both source and target
states involve longitudinal polarization, the 3QC transfer functions are real, and have the following properties,
regardless of the size of the spin system:

ð20Þ

pqr
fp!q
ðs; XMR ; U0rec Þ

ð3Þ

In all that follows, we will report transfer functions
abbreviated as:
fqS !qT ðsÞ  fqS !qT ðs; XMR ; pÞ
ð25Þ

ð19Þ

and
b exc ðs; XMR ÞjS pz Þ
b rec ðs; XMR ; U0 Þ Pb ð3Þ U
ðS qz j U
pqr
rec
;
¼
ðS pz j S pz Þ

ð24Þ

0

This is well-known from magnetization-exchange experiments, where cross-peaks appearing symmetrically
around the diagonal of the 2D spectrum have equal
intensities, provided that the two exchanging spins are
initially prepared with equal polarizations [37,46].
(ii) A function involving transfer to total z-polarization
may be decomposed into a sum over transfers to each
individual spin

3Q
ðs; XMR ; U0rec Þ
fZ!Z

¼

fqS !qT ðs; U0rec ¼ pÞ XMR
Z 2p
Z p
1
¼ 2
daMR
sin bMR dbMR
8p 0
0
Z 2p

dcMR fqS !qT ðs; XMR ; pÞ:
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(iii) Transfer through total 3QC is equal to the sum of
transfer pathways through each distinct spin triplet
ðsÞ ¼
fq3Q
S !qT

all X
triplets

fqpqr
ðsÞ:
S !qT

ð28Þ

pqr

ð21Þ

ð3Þ

and Pb tot is the sum over all such 3QC projection
operators:
ð3Þ

Pb tot ¼

all spin
Xtriplets

5. 3QC dynamics in three-spin systems
ð3Þ

Pb pqr :

ð22Þ

pqr

We condense the notation by observing that all polarization transfer functions depend on the reconversion
phase as follows:
fqS !qT ðs; XMR ; U0rec Þ ¼ fqS !qT ðs; XMR ; 0Þ cosf3U0rec g

ð23Þ

and assume that U0rec ¼ p. However, this expression is
only relevant for one given set of angles XMR = {aMR,
bMR,cMR}. We are also concerned with 3QC excitation
dynamics in powders, necessitating the calculation of
an orientational average over XMR

In this section, we discuss the analytical transfer functions obtained in a system comprising three coupled
spins (p, q, and r). Upon 3QF, the initial z-polarization
is distributed evenly over the spins: each contributes
with 1/3 to the total transfer, leading to the expressions
3Q
3Q
3Q
3Q
fZ!Z
ðsÞ ¼ 3fZ!p
ðsÞ ¼ 3fp!p
ðsÞ ¼ 3fp!q
ðsÞ

3
1
¼ sin2 xeff s
4
2

ð29Þ

with the eﬀective 3QC oscillation frequency xeﬀ given by
xeff ¼ jxpqr j:

ð30Þ
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These predictions are veriﬁed experimentally by the 2D
spectrum acquired on [13C3]alanine (Fig. 2). It displays
nine peaks, with very similar integrated intensities, as expected from Eq. (29). There are three diagonal peaks,
3Q
3Q
whose integrals correspond to the values fa!a
; fb!b
,
3Q
and fCO!CO (evaluated for the excitation interval
s = 2.76 ms). The remaining six signals are ‘‘cross
peaks’’ originating from transfers between distinct spins;
for example, the integrals of the peaks at the CO and a
sites (the top slice of Fig. 2) represent the transfer func3Q
3Q
tions fb!CO
and fb!a
, respectively.
Generally, a three-spin system subject to a 3Q Hamiltonian is oscillating between 3QC and ZQC, the latter
ZQ
transfer function represented by fZ!Z
ðsÞ, and related to
3Q
ZQ
fZ!Z ðsÞ by the normalization condition fZ!Z
ðsÞþ
3Q
fZ!Z ðsÞ ¼ 1. 3QC excitation dynamics in a three-spin
system using a 3Q average Hamiltonian is essentially
identical to 2QC excitation in a two-spin system using
a 2Q Hamiltonian of the form

1
þ
 
xpq S þ
H 2Q ¼
ð31Þ
p S q þ xpq S p S q :
2
Such 2Q average Hamiltonians are generated by recoupling sequences like C7 [41,43], DRAMA [47], MELODRAMA [38], and BABA [48], and leads to a 2QF
2Q
ðsÞ corresponding to
function fZ!Z
2Q
ðsÞ ¼ sin2 ðjxpq jsÞ:
fZ!Z

ð32Þ

The main diﬀerences between the two cases are that (i)
the 3QC frequency xpqr is built from products of couplings (xpqr bpqbpr) and (ii) it is possible to eﬀect
loss-less Sz ﬁ Sz transfer through 2QC in a spin-pair
from one crystallite orientation (Eq. (32)), whereas the
optimum S z ! S z transfer through 3QC in a spin triplet
only amounts to 75% (Eq. (29)). This agrees with the
theoretical upper unitary bound of polarization transfer
[49]. However, reaching this in solid state NMR is only
possible using the 3Q Hamiltonian of Eq. (15): alternative 3QC excitation techniques [50,51] provides less than
30% transfer eﬃciency for a single crystallite
orientation.
The 3QF eﬃciency is lower in a powdered sample due
to the orientational dependence of the recoupling. The
maximum eﬃciency depends both on the spin system
geometry and the particular 3Q recoupling sequence.
For example, for ðR1873 Þ31 it amounts to 51 and 56%
for linear and equilateral spin triplet conﬁgurations,
respectively. The latter geometry allows for 67% 3QF
eﬃciency using another recoupling sequence ðR1432 Þ31
(introduced in [20]). We believe this is the global maximum for 3Q recoupling in powders.
Fig. 5 shows a set of numerically simulated curves
3Q
fZ!Z
ðsÞ from ðR1873 Þ31 using the pulse element
Rðb ¼ 55 Þ at a spinning frequency xr/2p = 15.0 kHz,
and including only its 3Q average Hamiltonian part.
They demonstrate that by passing total z-polarization

Fig. 5. (A and B) Numerical average Hamiltonian simulations [based
3Q
on Eq. (19)] illustrating the dependence of the fZ!Z
ðsÞ curves on the
inter-bond angle h (the intersecting angle between the pq and pr
internuclear vectors) in a three-spin system, assuming the 3Q average
Hamiltonian obtained from ðR1873 Þ31 with element Rðb ¼ 55 Þ and
pulse fraction fp = 0.30 at a spinning frequency xr/2p = 15.0 kHz. The
dipolar couplings bpq = bpr =  2250 Æ 2p rads1 were kept constant in
all calculations, and the coupling bqr was adjusted according to values
of h in the range (a) 60 6 h 6 120 and (b) 120 6 h 6 180. (C) 3QF
eﬃciency curves from the average Hamiltonian of the 2Q recoupling
sequence POST-C7 [43], applied to an initial state of transverse
polarization, qS = Sx, to eﬀect 3QC excitation at xr/2p = 5.2 kHz.

through 3QC, it is feasible to estimate the inter-bond angle h (deﬁned as the angle between the pq and pr internuclear vectors). However, by comparing the transfer
3Q
curves fZ!Z
ðs; hÞ over the ranges 60 6 h 6 120 (Fig.
5A) and 120 6 h 6 180 (Fig. 5B) it is clear that a
degeneracy occurs around h  130. The transfer function symmetry for relatively short excitation intervals
3Q
obeys approximately the relationship fZ!Z
ðs; 130 
3Q
/Þ  fZ!Z ðs; 130 þ /Þ for 0 6 / 6 50. This implies
that an unambiguous determination of h is only possible
if the bond angle may ﬁrst be assessed to be either smaller or larger than 130. All values of h give diﬀerent
oscillation frequencies over large values of s, but this
is not of much help in practice for 13C applications, as
experiments need to the conducted over prohibitively
long excitation intervals. In the range h < 60, there
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are strong variations in the 3QF curves: the 3QC buildup is much faster, as the dipolar coupling between the
‘‘non-bonded’’ nuclei exceeds those of the directly
bonded ones (bqr > bpq = bpr). However, those results
are not presented as such spin topologies are rarely
encountered.
As discussed in [17,50], an alternative route to 3QC
excitation in three-spin systems is to apply a 2Q recoupling sequence to an initial state of transverse polarization. The 3QC dynamics by the two-spin 2Q dipolar
Hamiltonian (Eq. (31)) may be evaluated analytically
in three-spin systems [50]: Fig. 5C displays the resulting
curves based on the average Hamiltonian of POST-C7
[43]. Apart from faster 3QC dynamics, as well as much
lower 3QF amplitudes, the dependence of the dynamics
on h is markedly lower compared to the case of 3Qrecoupling. We conclude that the chances of geometry
determinations in a three-spin system are higher using
the 3Q recoupling sequence ðR1873 Þ31 compared to using
a 2Q recoupling sequence.

6. 3QC dynamics in four-spin systems
The possibilities of polarization transfers between the
various members (p, q, r, and s) of a four-spin system are
richer than that of three coupled spins. Some scenarios
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are depicted in Fig. 6. The corresponding transfer functions will be discussed in the following sections. Similarly to the three-spin case, all transfer functions
involve an eﬀective frequency
xeff ¼ ðjxpqr j2 þ jxpqs j2 þ jxprs j2 þ jxqrs j2 Þ1=2 :

ð33Þ

It is convenient to deﬁne the frequency
2

2

2 1=2

Xp ¼ ðjxpqr j þ jxpqs j þ jxprs j Þ

ð34Þ

proportional to the root-mean-square over 3QC frequencies of all triplets involving spin p, as well as
2

2 1=2

Xpq ¼ ðjxpqr j þ jxpqs j Þ

ð35Þ

involving both spins p and q. The frequencies are related
by X2p ¼ X2pq þ jxprs j2 and X2p þ jxqrs j2 ¼ x2eff . These definitions also apply to any permutation of the spin indi2
2
2
ces (p, q, r, and s), e.g., X2s ¼ jxpqs j þ jxprs j þ jxqrs j
2
2
2
and Xqr ¼ jxpqr j þ jxqrs j , etc. The size of the transfer
functions gives insight about the time-scale for which
cross-peaks develop in a 2D correlation spectrum incorporating 3QF, as well as how their intensities relate to
the coupling topology of the spin-system. The functions
discussed here are proportional to powers of ratios
involving individual 3QC frequencies relative to the
eﬀective 3QC frequency, e.g., (|xpqr|/xeﬀ)2. As these ratios are always smaller than unity, the higher the power
n, the smaller the magnitude of the ratio to the power of

Fig. 6. Illustration of various polarization transfers from an ensemble of four coupled spins (labeled p, q, r, and s), starting with longitudinal
polarization of spin p, i.e., qS = Spz. Three main 3QC pathways are indicated, where the left describes transfer through total triple-quantum
3Q
coherence, resulting in the series of functions fp!q
ðsÞ. The polarization may be transferred either back to spin p (case A-1), or to a distinct spin (A-2).
T
In practice, the processes A-1 and A-2 are occurring simultaneously, and the sum over all possible pathways results in the process A-3, expressed by
3Q
pqr
the function fp!Z
ðsÞ. The middle pathway corresponds to transfer through the 3QC of spins pqr (associated with fp!q
ðsÞ), and may result either in
T
transfer back to p (case B-1), to spins q and r that are involved in 3Q (pqr) (B-2), but also to spin s not included in the coherence (B-3). The sum of
pqr
these pathways corresponds to case B-4, represented by fp!Z
ðsÞ. The right part of the ﬁgure (C-1, C-2, and C-3) shows various scenarios for
polarization transfer from a spin (p) not involved in the mediating 3QC. All depicted cases have experimental relevance: A-3, B-4, and C-3 occur
generally in 3QF 1D experiments, whereas each of the pathways through 3Q (pqr) and 3Q (qrs) manifests as a peaks along the x1-dimension in a 3Q–
1Q experiment, with a corresponding peak along x2 involving the frequency of the target spin. The transfers A-1, B-1, and C-1 give diagonal peaks in
3QF 1Q–1Q experiments, whereas those of A-2, B-2, B-3, and C-2 result in ‘‘cross-peaks.’’
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n. Generally, a high power is accompanied with a high
power of the trigonometric function that describes the
cross-peak buildup (e.g., sinn ð12 xeff sÞ): the higher the
power, the slower the cross-peak buildup.
6.1. Polarization transfers through total 3QC
3Q

The function associated with the transfer S z ! S z for
a single crystallite orientation is analogous to that of
the three-spin case, except that the maximum transfer
is reduced from 3/4 to 9/16

9
3Q
2 1
fZ!Z ðsÞ ¼ sin
xeff s :
ð36Þ
16
2
Starting from polarization of one spin and letting it pass
through 3QC leads to an intensity distribution among
the four spins in the 3QF spectrum (for a ﬁxed value
of s) according to (cf. case A-3 of Fig. 6)

2
1 3Q
3 Xp
3Q
2 1
fZ!p
x
ðsÞ ¼ fp!Z
ðsÞ ¼
sin
s
:
ð37Þ
eff
4
16 x2eff
2

3Q
3Q
ðsÞ ¼ 4fZ!p
ðsÞ follows from Eq.
The relationship fp!Z
(26) with the normalization (Sz|Sz) = 4(Spz|Spz). The factor X2p ; including the 3QC frequencies from all spin triplets involving p, appears as a weight factor of the
amplitude of the transfer function. Hence, upon 3QF,
the polarization distributes unevenly and the relative
peak amplitudes in the 3QF spectrum carry information
about the distributions of dipolar coupling strengths
within the spin system.
Figs. 7A and B show a selection of numerically calculated transfer functions, all involving total z-polarization (Sz) as source state for a single crystallite
orientation (A) and a powder (B) in the case of a linear
spin conﬁguration. As expected, the maximum value of
3Q
the function fZ!Z
ðsÞ is 0.5625 from a single crystallite,
whereas the powder average maximum amounts only
to 0.38. This spin topology emphasizes the dipolar effects of nearest neighboring spins, since maximal attenuation is eﬀected for couplings between more distant
spins through the r3 dependence. A high relative 3QF

Fig. 7. Numerical average Hamiltonian simulations of using ðR1873 Þ31 [Rðb ¼ 55 Þ, fp = 0.30] at xr/2p = 15.0 kHz on a system of four coupled 13C,
arranged in a linear conﬁguration with equal internuclear distances (r = 1.5 Å) between nearest neighbors. Note that all dipolar vectors coincide. The
corresponding magnitudes of the dipolar coupling constants are given in kHz as indicated at the top of the ﬁgure. The left panel (A, C, and E)
displays simulations for a single crystallite orientation {aPR, bPR, cPR} = {0, 40, 0}, whereas the right panel (B, D, and E) represents powder
averages. (A and B) Transfer functions involving total z-polarization as either source or target ensemble states (or both). (C and D) Transfers from
one spin to another through total 3QC. (E and F) Transfers between spins through the 3QC of one spin triplet, 3Q (pqr). Note that all plots have
equal horizontal but diﬀerent vertical scales.
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amplitude of a given spin results from large dipolar couplings to its neighbors. These results are representative
also for other four-spin chains. For the present set of
dipolar couplings (Fig. 7), we obtain relative peak
amplitudes from spins p:q:r:s according to
0.170:0.330:0.330:0.170, i.e., a quartet with the intensities of the two ‘‘inner’’ spins (q, r) of the chain being almost exactly twice as large as those from the terminal
ones (p, s). Other coupling topologies provide diﬀerent
peak intensity patterns in the 3QF spectrum. For example, if the q–r and r–s distances are set 1.5 and 1.25 times
longer, respectively, than that between p–q, the amplitude distribution changes into 0.268:0.330:0.325:0.076.
On the other hand, assume that we start with polariza3Q
tion of spin p, and consider the transfer S pz ! S pz , i.e., spin
p is both the source and target, as depicted by case A-1 in
3Q
Fig. 6. The corresponding function fp!p
ðsÞ evaluates as

2 2
Xp F p
1
3Q
ðsÞ ¼ 4 sin2 xeff s
fp!p
4
xeff


2 
Xp
2
2 1
2
2 1
xeff s sin
xeff s ;
¼ 4 jxqrs j þ Xp cos
4
4
xeff
ð38Þ
where
is a sum of two terms; one proportional to X2p ,
dependent on all dipolar couplings involving spin p, and
|xqrs|2 which involves all couplings but those to p

1=2
2
2
2 1
xeff s
F p ¼ jxqrs j þ Xp cos
:
ð39Þ
4
F 2p

Note that for short excitation intervals ð14xeff s
1Þ,
2
3Q
F 2p  jxeff j and the initial buildup for fp!p
is proportional to X2p s2 =16.
The transfer through total 3QC to a distinct target
spin q (case A-2 of Fig. 6) corresponds to


2
1 Xpq 2 1
jxprs j2 jxqrs j2 4 1
3Q
x
x
fp!q
ðsÞ ¼
sin
s

sin
s
:
eff
eff
4 x2eff
2
4
x4eff
ð40Þ
This function is a sum of two opposing terms. The ﬁrst is
proportional to X2pq =x2eff ; it dominates at short 3QC excitation intervals and leads to a positive transfer amplitude in a 3QF 3Q–1Q correlation experiment. The
second term is negative and proportional to the product
of frequencies |xprs|2|xqrs|2/xeﬀ4; it is characterized by a
signiﬁcantly slower transfer, although this term may
dominate for large values of s.
Some representative curves are shown in Figs. 7C and
D: they are relevant in 3QF 1Q–1Q 2D correlation experiments as they describe polarization transfers between
various spins within the system. For the present dipolar
coupling network, we get the following set of transfer
3Q
3Q
3Q
3Q
3Q
3Q
processes: fp!p
¼ fs!s
; fq!q
¼ fr!r
; fp!q
¼ fr!s
¼
3Q
3Q
fp!r ¼ fq!s as well as the two ‘‘unique’’ and distinct cases
3Q
3Q
3Q
fq!r
and fp!s
. The function fq!r
is not displayed, as it has
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3Q
. It is evident from the
an almost identical buildup to fq!q
3Q
simulations that the fastest transfer occurs for fq!q
, being
3Q
3Q
3Q
roughly twice as that of fp!q and fp!p , whereas fp!s
provides a signiﬁcantly slower buildup and with a negative
amplitude.

6.2. Polarization transfers between individual spins
through one 3QC
We now turn our attention to inter-spin polarization
transfer processes through each individual triple-quantum coherence of the system; they are relevant for predicting the distribution of amplitudes in slices along
the 1Q dimension in 2D 3Q–1Q correlation experiments.
Although this class of transfers will be exempliﬁed with
3Q (pqr), analogous expressions are obtained upon permutations of the spin labels. All these functions are proportional to the frequency |xpqr|2 and the trigonometric
function sin2 ð14xeff sÞ: We ﬁrst consider transfers where
both source and target spins are part of the mediating
3QC, as illustrated by case B-2 of Fig. 6. The generic
transfer function may be expressed

2
jxpqr j F 2p F 2q 2 1
pqr
x
fp!q
ðsÞ ¼
sin
s
;
ð41Þ
eff
4
x6eff
where the functions F 2p and F 2q (Eq. (39)) depends on the
source and target spins, respectively. The special case
when the source and target spins are equal then corresponds to B-1 of Fig. 6 and the transfer function casts as

jxpqr j2 F 4p 2 1
xeff s
sin
4
x6eff

2

jxpqr j2
1
1
jxqrs j2 þ X2p cos xeff s
sin2 xeff s :
¼ 6
4
4
xeff

pqr
fp!p
ðsÞ ¼

ð42Þ

Note that, as the functions F 2p and F 2q tend to x2eff in the
limit of short excitation intervals s, the initial slopes of
pqr
pqr
the functions fp!p
ðsÞ and fp!q
ðsÞ are generally equal
2 2
and proportional to |xpqr| s /16, as illustrated by the
numerical simulations in Figs. 7E and F.
In all cases considered so far, both source and target
spins were involved in the mediating 3QC. Transfers are,
however, possible where either the source or target spins
are not part of the mediating coherence. Examples in3QðpqrÞ
3QðpqrÞ
clude S pz ! S sz and S sz ! S qz . These indirect transfers are slow and occur over longer mixing periods in
correlation experiments. The transfer from one spin,
subsequently involved in the 3QC, to a target spin not involved in that coherence, is illustrated by case B-3 of
Fig. 6 and associated with the function


2
jxpqr j F 2p X2s
2 1
2 1
pqr
x
x
fp!s
ðsÞ ¼ 2
sin
s
sin
s
:
eff
eff
8
4
x6eff
ð43Þ
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Note the negative sign, indicating that the resulting
NMR peak amplitude of the transfer from spin p to spin
s is negative. From the symmetries of the transfer functions, an analogous expression is obtained for the transfer from a source spin not involved in the 3QC to a spin
being part of the mediating 3QC, e.g., the functions
pqr
qrs
fs!p
ðsÞ and fp!s
ðsÞ. The latter case is illustrated by C-2
of Fig. 6 and also simulated in Figs. 7E and F.
In a four-spin system, there is only one case where
neither the source nor target spins are part in the mediating 3QC, namely if they are equal as in the case
3QðqrsÞ

S pz ! S pz (C-1). The resulting transfer function is
given by


2
jxqrs j X4p 4 1
2 1
qrs
xeff s sin
xeff s :
fp!p ðsÞ ¼ 4
sin
ð44Þ
8
4
x6eff
Note that despite the amplitude of the function is positive like the ‘‘direct’’ transfers of Eq. (41), it is a very
slow process due to the factor sin4 ð18xeff sÞ. Hence, such
cross-peaks develop even slower than those associated
pqr
qrs
with the indirect processes fp!s
ðsÞ and fp!q
ðsÞ (Eq.
(43)). This is conﬁrmed by the simulations in Fig. 7.
6.3. Polarization transfer of Sz through one 3QC
Using the relationships between polarization transfers and individual spins through 3Q (pqr), we can calculate the functions involving Sz as source or target. The
transfer from any of the spins contributing to the 3QC
[e.g., 3Q (pqr)] is obtained from Eq. (27)
pqr
pqr
pqr
pqr
pqr
ðsÞ ¼ fp!p
ðsÞ þ fp!q
ðsÞ þ fp!r
ðsÞ þ fp!s
ðsÞ
fp!Z

ð45Þ

giving the expression
1 pqr
pqr
fZ!p
ðsÞ ¼ fp!Z
ðsÞ
4


2 2
3 jxpqr j F p
1
1
x
x
¼
sin
s
sin
s
:
ð46Þ
eff
eff
8 x4eff
4
2
This process corresponds to B-4 of Fig. 6. In the case of
transfer of total polarization through a given 3QC (e.g.,
3Q (pqr)) to the target spin not involved in that spin

7. 3QC dynamics in larger clusters
The dependence of the 3QC buildup on the dimensionality and size of the spin system is compared further
3Q
in Fig. 8. The powder averaged transfers fZ!Z
were simulated for linear chains comprising three, four, and six
spins, as well as from four and six spins arranged at
the vertices of a tetrahedron and octahedron, respectively. The symmetric three-dimensional spin networks
provide signiﬁcantly faster 3QC excitation than any of
the linear chains. For the chains, the initial rate of
3QC excitation enhances as the number of participating
spins increase, while the maximum attainable 3QF
amplitude is largest for the three-spin system. The excitation intervals providing optimal 3QF amplitude in
each case are: 9.7 ms (three-spin chain), 6.8 ms (fourspin chain), 4.0 ms (tetrahedron), and 2.5 ms
(octahedron).
The most interesting feature of these powder averaged transfer function simulations is the optimal eﬃciency achieved in the tetrahedral and octahedral
case: the value 0.532 of the former is only marginally
lower than the theoretical eﬃciency from a single crystal

3QðpqrÞ

! S z is represented by

2
1 pqr
3 jxpqr j X2s
pqr
2 1
xeff s
fZ!s ðsÞ ¼ fs!Z ðsÞ ¼ 
sin
4
4 x4eff
8


1
1
xeff s sin
xeff s :
 sin
4
2
triplet, the process S z

(48) predicts that the transfer involving each pathway
is weighted by the ratio between the square of its 3QC
frequency and the eﬀective frequency. From the set of
dipolar couplings in Fig. 7, we obtain two large and
2
equal ratios jxpqr j =x2eff  0:491 associated with the
two 3QC involving solely directly connected nuclei,
i.e., 3Q (pqr) and 3Q (qrs), and two small ratios for
3Q (pqs) and 3Q (prs): jxpqs j2 =x2eff  0:0087. This implies
that the total transfer is exclusively occurring through
the 3QC of spin triplets pqr and qrs, as corroborated
by the simulations of Fig. 7A, where the grey line correpqs
sponding to the function fZ!Z
is hardly discernible.

ð47Þ

Finally, the transfer of total polarization through one
3QðpqrÞ
3QC, S z ! S z , corresponds to

2
9 jxpqr j
pqr
2 1
xeff s
sin
ð48Þ
fZ!Z ðsÞ ¼
16 x2eff
2
from which Eq. (36) follows by summing over the four
distinct triple-quantum coherences as in Eq. (28). Eq.

3Q
Fig. 8. Comparison of powder averaged transfer functions fZ!Z
ðsÞ for
linear chains of three, four, and six spins, as well as spins at the vertices
of tetrahedra and octahedra, in all cases assuming coupling constants
of 2251 Hz between nearest neighbors. Other simulation parameters
are as in Fig. 7. Note the enhanced 3QC buildup rate as either the
number of spins or the dimensionality of the spin topology increases.
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(0.5625). This is to the best of our knowledge the ﬁrst
demonstration in MAS NMR of essentially identical
MQF eﬃciencies obtained from a powder and single
crystal. The recoupling sequence ðR1423 Þ31 [20] provided
3Q
the even higher value fZ!Z
ðsopti Þ ¼ 0:553 (simulations
not shown). No attempts have been made to verify this
experimentally, but these predicted values from powders are unprecedented for high-order MQC excitation
under MAS conditions in systems comprising more
than three spins.

8. High-order multiple-quantum excitation
In large spin systems, MQC orders higher that three
will develop under the action of a 3Q Hamiltonian.
The selection rules for the particular coherence orders
created depend on the nature of the average dipolar
Hamiltonian, the size of the spin system as well as
on the initial density operator. Selection rules have previously been thoroughly discussed for a variety of average Hamiltonians [11], in particular for those
comprising two-spin 1Q [4,52] and 2Q operators [5–
8]. In this section, we discuss the action of a three-spin
3Q Hamiltonian when applied to a density operator
corresponding to either longitudinal (q (0) = Sz) or
transverse (q (0) = Sx) polarization. These results were
obtained through the commutator properties of q (0)
and H 3Q .
8.1. Longitudinal polarization
Assuming an ensemble of inﬁnitely large spin systems, initially prepared with longitudinal polarization
of each spin, the three-spin 3Q Hamiltonian eﬀects multiple-quantum excitation by changing the coherence order by ±3. Therefore, all coherence orders being integer
multiples of three (M = ±3, ±6, ±9) will develop successively. However, in ﬁnite spin clusters, the MQC excitation under a given Hamiltonian is more selective, and
also depends on the size of the system N . For example,
it has been shown that it is not possible to excite 4QC in
four-spin systems using a two-spin 2Q Hamiltonian
[4,7,8,11]. Similarly, if N is an even multiple of three
(i.e., N ¼ 3k with k even), then the extreme coherence
orders M ¼ N are not excitable by H 3Q . This implies
that from an ensemble of six-spin systems at thermal
equilibrium, only ZQC and 3QC may be excited. This
is veriﬁed by the numerical simulation in Fig. 9A, where
MQ
the powder averaged transfer functions fZ!Z
ðsÞ are plotted for all MQC orders generated by ðR1873 Þ31 . Because
the MQ dynamics is conﬁned to ZQC and 3QC, the 3QC
excitation is almost as eﬃcient as in three-spin systems
(compare the simulations in Figs. 5 and 9). However,
6QC develop in larger systems, as shown by the sevenspin simulation of Fig. 9B.

Fig. 9. Development of multiple-quantum coherences when applying
the average Hamiltonian generated by ðR1873 Þ31 at xr/2p = 15.0 kHz
to spin systems prepared with equal longitudinal spin polarizations
MQ
(q(0) = Sz). The curves correspond to MQF functions fZ!Z
ðsÞ for the
following cases: (A) a powder of six-spin fragments of tyrosine and (B)
a single linear chain of seven 13C spins, oriented as {aPR, bPR,
cPR} = {0, 45, 0} with equal internuclear distance (r = 1.5 Å) between
nearest neighbors. All dipolar couplings were considered. Only the
curves for excited coherences are shown, implying that only ZQC and
3QC develop from the six-spin ensemble.

8.2. Transverse polarization
We continue the discussion assuming the spin system
ensemble is initially prepared with 1QC (transverse
polarization). The excitation dynamics is generally more
complicated than the previous case with longitudinal
polarization. We ﬁrst note that 4QC cannot directly be
þ þ þ
excited from 1QC (e.g., ½S þ
s ; S p S q S r  ¼ 0). In general,
±1QC are instead ﬁrst converted into «2QC (regardless
of the size of the spin system) which develop on a timescale linear in the excitation interval s. In three and four
spin systems, the ensemble state is therefore oscillating
between 1QC and 2QC, analogously to the partition between ZQC and 3QC in the case of longitudinal
polarization.
The smallest spin system which may excite coherence
orders higher than two is that of ﬁve spins, for which
both 4QC and 5QC are generated. The 5QC excitation
may be rationalized through the schematic process
 
S
p Sq Sr

 
S
p Ss St


   
Sþ
! S pz S 
! S
p
q Sr
p Sq Sr Ss St

ð49Þ

which implies that 5QC are created on a time-scale s2.
4QC generally develop slower than 5QC, as the former
may only arise through ‘‘three-step’’ processes, according to
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Fig. 10. Simulations as in Fig. 9, but instead starting from transverse polarization: q(0) = Sx. Diagrams B and D correspond to zoomed regions of A
and C, respectively, and reveal the rather weak excitation of the extreme coherence-order.

 
S
p Sq Sr

þ þ
Sþ
r Ss St

þ þ
Sþ
p Sq Sr


þ þ
þ þ þ
Sþ
! S pz S 
! S pz S 
! Sþ
p
q Sr
q S rz S s S t
p S qz S r S s S t :

ð50Þ
Hence, the +1Q operator of spin p is converted into a ﬁveþ þ þ
spin operator S þ
p S qz S r S s S t , corresponding to +4QC of
the quartet prst. Altogether, this implies a cubic dependence on the excitation interval ( s3) for 4QC excitation.
From an ensemble state of transverse polarization, the
trilinear 3Q Hamiltonian creates in general all coherence
orders M 6 N , except those being integral multiples of
three. This is illustrated by the simulations involving six
and seven spins, shown in Figs. 10A and C, respectively.
In the former case, 2QC, 4QC, and 5QC are excited from
1QC, whereas for the latter, weak 7QC excitation also occurs. Despite that 5QC grows on a time-scale s2,
whereas 4QC only develop as s3, the amount of 4QC will
dominate that of 5QC over longer excitation intervals
(see Figs. 10B and D), as there are a larger number of possible routes to create 4QC compared to 5QC.

9. 2D correlation schemes: experiments and simulations
In Section 2 we demonstrated the 1Q–1Q and 3Q–1Q
correlation techniques for the three-spin system of
[13C3]alanine. Here we discuss them further in the context of the nine coupled 13C of [U-13C]tyrosine.
9.1. 1Q–1Q correlation spectrum
The tyrosine 1Q–1Q correlation spectrum is shown in
Fig. 11, together with slices at the isotropic chemical
shifts of each site (right panel) as well as the 3QF 1Q

spectrum, obtained by projecting the 2D spectrum onto
the x2 axis. For the latter, the total signal intensity is
mainly concentrated among the aromatic 13C. As in
the 2D spectrum from alanine (Fig. 2), oﬀ-diagonal
cross-peaks arise between all sites separated by one or
two bonds. For example, consider the slice at the chemical shift of the chemically equivalent d,d 0 sites: in addi3Q
tion to the diagonal peak from the transfer fd;d
,
0
!d;d0
strong oﬀ-diagonal peaks appear due to transfers from
d,d 0 to the directly bonded e,e 0 and c-sites, as well as
two weaker signals to the f and b sites separated by
two bonds. For the excitation interval employed
(sexc = 1.58 ms), several slices also manifest weak signals
originating from polarizations transmitted over three
bonds: for instance, there is transfer from the f-site to
the c-site, as well as between the b and e,e 0 sites.
We simulated some transfer functions using AHT.
Two examples are shown in Fig. 12, corresponding to
the transfers from sites a (A,B) and f (C,D) to their surrounding 13C. The left diagrams of each row (A,C)
result from including only the 3Q terms of the secondorder average Hamiltonian, as in all previously presented calculations. However, the ðR1873 Þ31 sequence
leaves the (ﬁrst-order) homonuclear J-couplings intact
ð2Þ
and also recouples a set of ZQ dipolar terms ðH ZQ Þ.
These Hamiltonian terms were included in the simulations of Figs. 12B and D, which reveal signiﬁcantly perturbed 3QC dynamics, even at short excitation intervals
(<1 ms), relative to that in Figs. 12A and C. Additional
simulations (not shown) indicate that 3QC dephasing induced by the ZQ average Hamiltonian terms is the main
reason for the alterations of the 3QC oscillations and the
severe polarization transfer losses, as discussed further

M. Edén, A. Brinkmann / Journal of Magnetic Resonance 173 (2005) 259–279

273

Fig. 11. 2D 3QF 1Q–1Q correlation spectrum from a powder of [U- 13C,15N]L -tyrosine, recorded using the pulse scheme in Fig. 1B with ðR1873 Þ31 for
3QF [Rðb ¼ 53 Þ; fp = 0.33]. The right stack of spectra comprises slices taken at the isotropic chemical shift position of each site. The experiment
employed similar parameters as in the case of alanine (caption of Fig. 2), except sexc = srec = 1.58 ms (qexc = qrec = 4).

Fig. 12. Simulated polarization transfers when applying ðR1873 Þ31 to a six-spin fragment of the tyrosine molecule, assuming initial polarization only
of the a-site (A and B) and f-site (C and D). The AHT simulations employed the experimental parameters of Fig. 11 but included only couplings
among the marked spins. Chemical shifts were not taken into account: ideally they are suppressed to second-order AHT. The dashed lines indicate
ð2Þ
the excitation interval used experimentally in Fig. 11. The simulations in (A and C) were based on only the 3Q part ðH 3Q Þ of the second-order average
ð2Þ
ð1Þ
Hamiltonian, whereas diagrams (B and D) resulted after also including the ZQ contributions ðH ZQ Þ and J-couplings ðH J Þ.

in [20]. The J-couplings in the absence of ZQ terms do
not aﬀect the 3QC oscillations signiﬁcantly over timescales up to 3 ms, but reduces the transfer amplitudes
by 25%.
Apart from diﬀerences in the amplitudes of the curves
in Fig. 12, there are no major qualitative discrepancies at
the excitation interval sexc = 1.58 ms employed experimentally (indicated by dashed lines in Fig. 12), except

3Q
that the three-bond transfer fa!d;d
0 is negative for the calculations incorporating 3Q terms only, whereas those
also including ZQ dipolar and J-coupling terms have
positive amplitudes. The latter case agrees qualitatively
with the experimental result of Fig. 11, which displays
a weak positive peak at the d resonance. However, both
3Q
simulated polarization transfers ff!c
of Figs. 12C and D
predict negative values throughout the range of sexc,
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whereas the corresponding experimental peak is positive. Similar diﬀerences are found between experiments
and simulations for the 3Q–1Q correlation experiment
presented below. RF inhomogeneity is attributed as
the main reason for these deviations.
The discrepancies between experimental and calculated results are reasons for concern. They preclude
extraction of structural information (dipolar couplings
and bond angles) from our current experiments combined with AHT calculations, whereas numerically exact
simulations are not feasible with our computer resources
for the spin system size required to faithfully simulate
tyrosine. Unfortunately, conﬁning the calculations of
six-spin fragments of the nine coupled 13C could potentially introduce systematic errors in the calculated transfer functions. Additionally, there are several other
experimental obstacles complicating a quantitative analysis. First, the assumption of equal spin polarizations at
the start of the recoupling interval is in general not valid
due to diﬀerent cross-polarization eﬃciencies for distinct
13
C sites, leading to unequal cross-peak intensities
(fp ﬁ q(s) „ fq ﬁ p(s)) in the correlation experiments
[46]. This must be accounted for by a careful analysis,
as must diﬀerences in relaxation of the spins during excitation and reconversion of 3QC, in turn related to the
major experimental obstacle, namely to isolate the
recoupled 13C spins from surrounding protons. 13C–1H
couplings perturb the 3QC dynamics and leads in particular to severe signal losses [20].

9.2. 3Q–1Q correlation spectrum
Fig. 13 shows the 3Q–1Q correlation spectrum of tyrosine, together with slices taken through each of the seven
distinct triple-quantum coherences. This correlation spectrum provides enhanced resolution along the x1 dimension and easier assessment of spin–spin connectivities
than the 1Q–1Q experiment. The amplitude of each peak
appearing in the slice of 3Q (pqr) represents the value of
pqr
the function fZ!j
; where strong signals are only expected
if spin j belongs to the spin triplet pqr. Five of the seven triple-quantum coherences comprise three chemically
inequivalent nuclei with distinct isotropic chemical shifts,
manifested by three resolved peaks at the respective chemical shift frequency in the x2 dimension. However, the two
triplets cdd 0 and fee 0 involve two chemically equivalent
nuclei, hence displaying only two peaks in the 3QF slice.
Fig. 14 presents numerically simulated transfer functions for three distinct 3QC. By comparing the left and
right diagrams of each row, it may be concluded that
the simulations incorporating ZQ-terms and J-couplings
result in 50% loss for each transfer process. The two
triple-quantum coherences 3Q (abc) and 3Q (def) involve
three distinct spins. The simulations displayed in Figs.
14A–D predict an evenly distributed polarization among
the three spins in the 3QF spectrum. This is in reasonable agreement with the integrated experimental amplitudes of Fig. 13. However, the total integrated
experimental intensity over the 3Q (abc)-slice relates to

Fig. 13. 2D 3Q–1Q correlation spectrum acquired on [U-13C, 15N]L -tyrosine with the pulse scheme of Fig. 1C and similar acquisition parameters to
those of Figs. 2 and 11, except that xr/2p = 7.2 kHz and distinct excitation and reconversion intervals were employed: sexc = 1.67 ms (qexc = 4) and
srec = 0.83 ms (qrec = 2). The experimental conditions corresponded to using ðR1873 Þ31 with Rð55 Þ and fp = 0.31. The stack of 1D spectra represents
slices at each of the seven 3QC frequencies present in x1.
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Fig. 14. Simulated transfers of total z-polarization through the following 3QC: (A and B) 3Q (abc); (C and D) 3Q (def); and (E and F) 3Q (ee 0 f) for
three diﬀerent six-spin fragments of the tyrosine molecule. The AHT simulations employed experimental parameters of Fig. 13 and couplings among
the marked spins (right part of ﬁgure). The simulations in (A, C, and E) assumed only the 3Q part of the second-order average Hamiltonian, whereas
those in (B, D, and F) resulted after also including the ZQ and J-coupling contributions. Calculations were mimicking the acquisition protocol of
[31,36], incorporating an incremented excitation interval, while keeping the reconversion interval ﬁxed at srec = 0.83 ms. The dashed lines mark the
value sexc = 1.67 ms used in Fig. 13.

that of 3Q (def) as 1:4.4, which agrees with neither of the
simulations, regardless if ZQ and J-coupling contributions are included or not.
Figs. 14E and F display the transfer functions involving 3Q(e e 0 f). Although the simulated curves in F are signiﬁcantly damped relative those of E, both AHT
ee0 f
ee0 f
calculation predict that fZ!e;e
0 ¼ 2:0  fZ!f , i.e., that the
spectral amplitude at the e,e 0 chemical shift is twice that
of the f-site. This is in good agreement with the ratio of
the integrated experimental amplitudes of the f and e,e 0
peaks, estimated as 1.0:1.8.

10. Experimental and numerical methods
The experimental protocols (Fig. 1) were implemented
on powders of 99% [U-13C,15N]L -alanine and
[U-13C,15N]L -tyrosine at 4.7 T on a Varian/Chemagnetics Inﬁnity spectrometer. The alanine sample was isotopically 2H-labeled at the Ca (90%) and Cb (25%)
positions. The samples were restricted to the center 1/3
of 4 mm rotors to reduce RF inhomogeneity. All experiments employed 13C nutation frequencies of 50 and
110 kHz during cross-polarization and pulses of the
ðR1873 Þ31 sequence, respectively. During signal acquisition, high-power proton decoupling ðxHnut =2p  90 kHzÞ
was eﬀected by CW-decoupling for alanine and TPPM

[35] for tyrosine. CW was applied during the evolution
interval t1 for both samples. With recycle delays of 5 s
(alanine) and 10 s (tyrosine), a 2D acquisition took typically 15 and 30 h for alanine and tyrosine, respectively.
Speciﬁc acquisition parameters are given for alanine in
the caption of Fig. 2, and for tyrosine in Figs. 11 and
13. A major experimental obstacle is to eﬀect reasonably
eﬃcient heteronuclear 1H–13C decoupling; this is wellknown to be problematic when simultaneously applying
13
C recoupling pulses [29,31,41,53,54]. Additional information about proton decoupling during application of
3Q-recoupling sequences is given in [20].
We employed the TPPI scheme [37] to obtain purely
absorptive 2D spectra with sign discrimination along
both spectral dimensions. For the 3QF 1Q–1Q experiments, the phase of the cross-polarization pulse was
incremented for every consecutive t1-value ðt1 ¼ mDt1 Þ
p
according to U1Q
TPPI ¼ 2 m whereas for the 3Q–1Q correp
lations the phase shift U3Q
TPPI ¼ 6 m was added both to
the cross-polarization and 3QC excitation blocks. As explained in detail in Appendix A, a t1-dependent phase
shift of mDt1xr/3 should be added to the phase U3QF
in Eq. (5) to allow an unrestricted spectral width in
x1, i.e., an arbitrary t1-incrementation when using the
recoupling sequence ðR1873 Þ31 .
The analytical transfer functions were obtained using
Mathematica [55]. All numerical simulations started by
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constructing the second-order 3Q Hamiltonian of Eq.
(15), numerically diagonalizing it, and calculating the
relevant transfer function according to Eq. (16). We veriﬁed the equivalence between the analytical results from
Mathematica and the numerically calculated curves.
AHT is strictly only valid at completed cycles of
ðR1873 Þ31 , i.e., when sexc incremented in steps of 9sr. This
was used in all numerical calculations, except for those
of Figs. 12 and 14, which employed sampling at completed R1873 sequences. All simulations, except parts of
Figs. 5, 9, and 10, represent powder averages, typically
calculated over 538 ZCW orientations [56–58]. The simulations of tyrosine assumed dipolar couplings and Euler transformation angles calculated from the atomic
coordinates of [59].

11. Concluding remarks
In this article, we explored MQC excitation by a
three-spin 3Q dipolar Hamiltonian in poly-crystalline
powders comprising clusters of coupled spins-1/2 under
MAS conditions. These results are complementary to
previous investigations of MQC dynamics governed by
1Q and 2Q eﬀective Hamiltonians [4–6,8,9,12].
We presented analytical expressions predicting the
buildup of total 3QC as function of excitation interval
in three and four-spin systems (initially prepared with
longitudinal polarization), as well as the distribution
of intensities among the individual spins in the 3QF
NMR spectrum. The buildup of 3QC in a three-spin system was shown numerically to be dependent on the
molecular geometry, and should in ideal cases allow
for determining the intersection angle between two internuclear vectors. However, we have not veriﬁed this
experimentally. A spin triplet subject to a three-spin
3Q Hamiltonian evolves similarly to a spin-pair under
a two-spin 2Q Hamiltonian. The 3Q recoupling dynamics in a four-spin system share many features with a
three-spin system subject to a 2Q Hamiltonian: this
may be veriﬁed by comparing the analytical 3QF expressions of Section 6 with those in [50].
The most prominent feature of 3Q recoupling is the
highly eﬃcient 3QC ﬁltration delivered from powders:
the upper theoretical limit in three-spin systems amounts
to 67%. This number is only slightly lower than the
maximal eﬃciency for 2QF in spin-pairs using a 2Q
recoupling sequence ( 73%). Interestingly, spin conﬁgurations also oﬀering unusually high 3QF eﬃciencies are
tetrahedral and octahedral clusters, for which the powder averaged 3QF eﬃciency may exceed 55%, which
is only marginally lower than the theoretical values from
a single crystal. The optimal 3QF eﬃciency depends to
some extent on the spin system size ðN Þ and its geometry, and also on the orientational dependence of the 3Q
Hamiltonian terms of the pulse sequence employed, but

35–55% 3QF eﬃciency may ideally be expected in moderately large spin clusters. These numbers are several
times higher than the theoretical eﬃciencies of previous
methods for 3QC excitation in rotating solids [50,51].
In ensembles of larger spin clusters, higher-order
MQC develop by the action of a 3Q Hamiltonian. We
considered two cases where all spins are prepared with
equal longitudinal or transverse polarizations. In the
former case, all coherence orders M being integral multiples of 3 are excited, except for the extreme orders
M ¼ N if the cluster-size is an even multiple of three.
Similar restrictions apply for an ensemble of four-spin
clusters initially prepared with transverse magnetization:
4QC is not excited, and the spin system ensemble is
oscillating between 1QC and 2QC. On the other hand,
if a 3Q recoupling sequence is applied to systems involving more than four spins and prepared with transverse
polarization, all multiple-quantum orders will develop
(except for M = 0, ± 3, ± 6, . . .).
We also demonstrated two 2D NMR protocols
involving 3Q recoupling. They correlate either 1QC or
3QC, respectively, during t1 with 1QC during acquisition (t2). The 1Q–1Q 2D spectrum contains cross-peaks
manifesting correlations between coupled spins separated by one or two bonds, whereas the 3Q–1Q protocol
separates the various 3QC from each spin triplet in the
sample. While experimental demonstrations on
[U-13C]L -alanine and L -tyrosine qualitatively established
all expected correlations from these two known structures, the experiments could not be quantitatively reproduced by the AHT simulations, and hence no structural
information is to be expected directly from the current
second-order 3Q recoupling sequences discussed in this
paper. An advantage with these 3Q correlation experiments compared to similar experiments involving 2QC,
is indeed the ‘‘three-body’’ character of the trilinear
3Q average Hamiltonian: potentially geometric information may be obtained about a spin triad through 3Q
recoupling.
There are two distinct problems involved in our current experimental protocols, which need consideration
in future developments: (i) Heteronuclear decoupling
during application of 3Q recoupling sequences is currently insuﬃcient, leading to signal losses and potentially erroneous 2D spectral amplitudes. (ii) The
second problem is more fundamental in that the 3Q
phase-cycles discussed here do not provide a pure 3Q
average Hamiltonian, but also recouple second-order
ZQ dipolar terms. As discussed in [20], the ZQ terms
may be removed by another stage of supercycling, thereby re-establishing all theoretical predictions of this
work, which assumed ‘‘pure 3Q recoupling.’’ However,
the supercycles are no longer c-encoded [60], limiting
the 3Q–1Q correlation experiment in that the t1-incrementation must be in steps of the rotational period sr
to avoid spectral artefacts.
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In summary, we have demonstrated that polarization
transfer through 3QC is a promising candidate for
obtaining geometric information (such as inter-bond angles), but due to shortcomings of the currently available
3Q recoupling pulse sequences, they cannot directly provide this information by experimentally recording 3QF
amplitudes as function of the excitation interval. Yet
the sequences deliver higher 3QF eﬃciencies than previous schemes, and should nevertheless be useful as 3QC
generators in any 3QC-based experiment. We believe
that one of the most useful applications for the 3Q
recoupling approach lies in experiments for measuring
multiple peptide torsion angles in [13C3]alanine residues
by combining the 2D 3Q–1Q correlation experiment
with the technique described in [17].
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Appendix A. Second-order recoupling in 2D experimental
protocols
Consider an arbitrary recoupling sequence. Each of
its ﬁrst-order average Hamiltonian terms of interaction
K
K contributing to Eq. (13) is denoted H lmkl and associated with a quartet of spatial and spin quantum numbers (l, m, k, l). To second-order AHT (Eq. (14)) a set
of ‘‘cross-terms’’ are recoupled, each corresponding to
a pair of quantum number quartets {(l2m2k2l2),
(l1m1k1l1)}, associated with the Hamiltonian
K K

H l2 m2 2 k2 l12 . The expressions of these Hamiltonians for syml1 m1 k1 l1

metry-based pulse sequences are deﬁned in [20,21,33].
To keep the notation in this Appendix consistent with
the main text and most of the literature, we denote the
evolution interval of a 2D NMR experiment by t1,
although we otherwise carefully distinguish between
time-points, denoted t, and time intervals, denoted s. It
is desirable to obtain purely absorptive peak-shapes combined with arbitrary spectral windows in both dimensions
of the spectrum. However, these goals are often not
simultaneously achievable in powdered solids when
incorporating recoupling sequences into 2D protocols,
such as that of Fig. 1C. In general, the 2D spectral amplitudes will be modulated because the starting point of the
reconversion sequence is shifted (i.e., the rotor position)
as t1 is incremented, which leads to spinning sidebands
(that cannot be suppressed by fast spinning) in the x1
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dimension unless Dt1 = sr [3]. This rotor-encoding of the
2D amplitudes [21] may be avoided if the recoupling
sequence is c-encoded, meaning that each spin component l of the Hamiltonian is only associated with one spatial component m [21,60]. Hence, c-encoded sequences
allow using arbitrary incrementation in t1, implying that
Dt1 may be chosen independently of the spinning
frequency.
In the following, we ﬁrst recapitulate the strategy presented earlier in [21,31,61] to circumvent rotor-encoding
for ﬁrst-order recoupling sequences. Next, these arguments are extended to second-order recoupling sequences. We discuss the restrictions imposed on the
second-order average Hamiltonian of a general symmetry-based recoupling sequence (not necessarily eﬀecting
3Q recoupling) when it is incorporated into a 2D correlation experiment as shown in Fig. 1C. Note that none
of these restrictions apply to the 1Q–1Q correlation
experiment of Fig. 1B as the MQC excitation and reconversion occurs after the t1 interval.
A.1. First-order recoupling sequences
Consider a rotor-synchronized CN mn or RN mn pulse sequence, having an overall RF phase U0 and starting at
time point t0. Assume that this sequence recouples a
K
term H lmkl with quantum numbers (l, m, k, l) to ﬁrst-order average Hamiltonian theory. The term depends on
U0 and t0 as follows:
K

K

H lmkl ðt0 ; U0 Þ ¼ H lmkl ð0; 0Þ expfiðlU0  mxr t0 Þg:
ðA:1Þ
If the ratio m/l is equal for all recoupled terms in
the ﬁrst-order average Hamiltonian, and additionally
l „ 0, their dependence on the starting time point t0 of
the pulse sequence can be canceled by choosing the overall RF phase U0 according to [21,31,61]
m
U0 ¼ xr t 0 :
ðA:2Þ
l
By deﬁnition, all c-encoded pulse sequences fulﬁll this
condition.
Next, assume the pulse sequence (Fig. 1C) involves
excitation and reconversion of multiple quantum coherences. The excitation sequence starts at time point t0exc
and lasts for a time interval sexc, followed by an evolution interval t1. The subsequent reconversion sequence
starts at time point t0rec ¼ t0exc þ sexc þ t1 . Then the RF
phase Urec of the reconversion sequence should be adjusted according to Eq. (A.2)
m
m
Urec ¼ U0rec þ xr ðt0rec  t0exc Þ ¼ U0rec þ xr ðsexc þ t1 Þ;
l
l
ðA:3Þ
0
where Urec is an additional phase shift of the reconversion sequence. If sexc is equal to an integer number of
rotational periods, Eq. (A.3) is simpliﬁed to
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Urec ðt1 Þ ¼ U0rec þ

m
xr t 1 :
l

ðA:4Þ

Provided that the reconversion block implements this t1dependent phase-shift in a 2D experiment, an arbitrary
incrementation in t1 may be used.
A.2. Second-order recoupling sequences
The previous discussion may readily be extended to
second-order recoupling schemes. Again, consider a
CN mn or RN mn pulse scheme, having an overall RF phase
U0 and starting at time point t0. Assume that it recouples
K K
a term H l2 m2 2 k2 l12 with quantum numbers {(l2m2 k2l2),
l1 m 1 k 1 l 1

(l1m1k1l1)} to second-order average Hamiltonian theory. This term depends in the following way on U0
and t0:
K K

K K

l1 m1 k1 l1

l1 m1 k1 l1

H l2 m2 2 k2 l12 ðt0 ;U0 Þ ¼ H l2 m2 2 k2 l12 ð0; 0Þexpfiððl2 þ l1 ÞU0
 ðm2 þ m1 Þxr t0 Þg:

ðA:5Þ

A second-order recoupling sequence is c-encoded if the
ratio (m2 + m1)/(l2 + l1) is equal for all recoupled second-order terms. if l2 + l1 „ 0, the dependence on the
starting time point t0 may then be removed, by choosing
the overall rf phase U0 according to the phase-time relationship. If l2 + l1 „ 0, the dependence on the starting
time point t0 may then be removed, by choosing the
overall RF phase U0 according to the phase-time
relationship
m2 þ m1
xr t 0 :
ðA:6Þ
U0 ¼
l2 þ l1
If we consider the pulse scheme of Fig. 1C, incorporating a c-encoded recoupling sequence and implemented
with excitation and reconversion intervals equal to an
integer number of rotational periods, the RF phase Urec
of the reconversion block has to be adjusted as
m2 þ m1
Urec ðt1 Þ ¼ U0rec þ
xr t1
ðA:7Þ
l2 þ l1
analogously to Eq. (A.4).
However, c-encoded second-order recoupling sequences are in general more diﬃcult to engineer than
their ﬁrst-order counterparts, due to the larger number
of second-order terms contributing to the second-order
average Hamiltonian. We therefore deﬁne that a pulse
sequence is c-encoded with resepect to a certain spin order jl2 + l1j if the ratio (m2 + m1)/l2 + l1 is the same
for all terms order jl2+l1j. For these terms, Eqs. (A.5)
and (A.7) are still valid. The sequence ðR1873 Þ31 is c-encoded with respect to spin order 3, as all its recoupled
3Q terms (given in Table III of Ref. [20]) fulﬁll
(m2 + m1)/(l2 + l1) = 1/3, explaining the choice of t1dependent phase incrementation 13 Dt1 xr in our
experiments.
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