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ARTICLE INFO ABSTRACT

Dataset link: https://gitlab.au.dk/nmr/simpson

Aimed at the simulation, design, and interpretation of advanced pulse experiments crossing the boundaries

, https://easynmr.csdm.dk between nuclear magnetic resonance (NMR) and electron paramagnetic resonance (EPR), including the rapidly
Keywords: emerging, hybrid discipline of pulsed dynamic nuclear polarisation (DNP), we present a host of novel features
SIMPSON in the widely used SIMPSON software package addressing these aspects. Along with this come new features
DNP for advanced pulse sequence evaluation in terms of propagator splitting, high-order spin operator cross terms,
NMR and pulse phase transients. These fundamental new tools are introduced in a C++-based next generation of
EPR the SIMPSON software, which improves calculations speed in some aspects, is better prepared for further

Optimal control
Propagator splitting
Pulse transients
Quadrupolar cross-terms

developments, and facilitates easier community contributions to the open-source software package.

1. Introduction

In addition to the significant developments in magnetic resonance
instrumentation and advances in fundamental theoretical descriptions,
versatile numerical simulation tools presented in advanced software
packages have played an invaluable role in development, understand-
ing, and application of methods in magnetic resonance. This is pertinent
to nuclear magnetic resonance (nmr) and nuclear magnetic resonance
imaging (mr1). However, with the development of fast waveform gen-
erators and powerful pulsed microwave amplifiers, this also applies
increasingly to electron paramagnetic resonance (gpr; or electron spin
resonance, esr) and dynamic nuclear polarisation (pne). Complementing
a large variety of stand-alone programmes, specialised aspects of nu-
merical simulations, and data processing software, several more general
software packages have been developed for numerical simulation of
advanced NMr pulse sequences: antiopr [1]; Gamma [2]; smveson [3];
wSolids [4]; DMfit [5]; seiNevorution [6]; Spinach [7]; SpinDynam-
ica [8]; MolSpin [9]; ssNake [10]; mrsimulator [11]; Sleepy [12].
Each software package has its particular features and strengths, which

* Corresponding authors.

are not addressed specifically in this work, except by noting that
the software packages sivpson (simulation package for solid-state nmr
spectroscopy) and Spinach probably feature the most general aspects
of numerical simulation in solid-state Nnmr. Likewise, software has been
presented for the simulation of epr spectra and pulse sequences; re-
garding pulse sequences in particular, attention should be drawn to
the general and widely used software package EasySpin [13,14] and
components in Spinach [7]. Both of these are also relevant for the
simulation of pnp experiments, as are Gamma [2] and spiNEvoLuTION [6].
Furthermore, more specific software for pne has been introduced re-
cently, including pnesoup [15]. Our focus in this work is sivpson which,
since its introduction to the NMrR community in 2000, has been one of
the most widely used and extensively cited software packages for solid-
state NMr. Since the first publication and release as open-source soft-
ware [3], numerous papers have been presented with each introducing
new features: parallelisation [16]; optimal control [17,18]; auxiliaries
including determination of spin systems (simmor) [19]; efficient powder
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averaging [20,21]; optimisation of experiments for studies of mem-
brane proteins in oriented lipid bilayers [22]; integration with other
software such as rasynmr [23,24] for easier fitting of experimental data.
A number of reviews and special aspects have also been published [25-
28].

Epr is primarily concerned with electron spin dynamics and is theo-
retically similar to NMr, although electron dynamics occur on different
time-scales to nuclear dynamics due to significantly stronger electron
spin interactions. An interesting hybrid of epr and NmR is the emerging
field of pne, which utilises the benefits of epr to enhance information
content and sensitivity of Nnmr. This extension of sivpson incorporates
electron spin dynamics features to enable simulation of pulsed rpr and
DNP experiments; however, in its present form, it does not include all
aspects of epr found in more extensive simulation packages such as
EasySpin [13,14]. It should be noted that many modalities of quantum
technologies, in particular quantum sensing, exploit unpaired electron
(or exciton) and nuclear spins; this implies that software enabling
NMR, EPR, and DNp simulations, as proposed here, may find important
applications outside these specific disciplines.

The demands dictated by the simultaneous needs for efficiency,
accuracy, and versatility in simulation have increased as experiments
have become more sophisticated and the effectiveness of numr, Epr, and
pNp hardware has improved. The most recent major release of sivpson,
version 4.0 [16], focussed on mitigating these numerical demands and
was highly efficient in spin dynamics calculations. However, that was
more than a decade ago; an interval equivalent to a century in the
current computing age. We note that an intermediate version, sivp-
son version 5.0, was developed to enable optimal control design of
experiments optimising for time-dependent radio-frequency inhomo-
geneity [29,30]. In addition to enabling numerical simulation of epr
and one pulse sequences, this new major release of sivpson, version
6.0, includes an improvement in efficiency of numerical calculation
for spin dynamics based in the area of propagator splitting [31] to
perform rotations and time-propagation operations, directly addressing
the computational overhead inherent in simulating complex multi-spin
ensembles. A primary bottleneck in magnetic resonance simulations
arises during the time-evolution of the density matrix, particularly
within iterative procedures like optimal control. Such tasks necessi-
tate the repeated evaluation of matrix exponentials, a process that
becomes prohibitively expensive as the dimensionality of the Hilbert
space increases. Using propagator splitting, it is possible to significantly
mitigate this bottleneck and achieve faster simulations without com-
promising numerical accuracy. Furthermore, new aspects of optimal
control, calculation of pulse transients, and higher-order analysis of
quadrupolar spin systems are addressed in this release.

2. SIMPSON: Core aspects

In a change to previous versions of sivpson, which were written
in the C programming language, this version of sivpson is written in
C++ and includes many object-oriented principles (vide infra). This is
intended to make the programme more efficient, calculations faster,
and the software more compatible with auxiliary components. Fur-
thermore, through the C++ architecture this makes programming sivp-
soN more user-friendly with the hope for an important increase in
community-driven development of sivpson; an attractive alternative
to the widespread use of in-house software that has a much higher
threshold for public dissemination.

2.1. Using and programming SIMPSON

Further to the change in programming language, siMpsoN is now
released as source code at GitLab (https://gitlab.au.dk/nmr/simpson)
to be compiled by the user. This is in addition to the programme
remaining available as a compiled code for Linux, Windows, and Mac
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platforms at https://nmr.au.dk. To further facilitate easy access, sivp-
soN is also released via the Docker container platform [32] (avail-
able and ready to use based on the Linux binary, Docker image:
vosegaard/simpson). For more information about how to use the
Docker version see our web site https://nmr.au.dk). smmpeson is also
available on nmrbox [33] https://nmrbox.nmrhub.org, enabling direct
computation without downloading binaries and providing access to
grid-based computing resources.

Tcr (tool command language) [34] remains the scripting language
for sivpson. The motivation for maintaining tcL as the controlling script-
ing language resides in: (i) the desire to support the extensive user
base that has developed smvpson input files over the past quarter of
a century, an integral part of pulse sequence development and data
extraction, without imposing a significant barrier to the adoption of
another language; (ii) the technical challenge, far beyond tci’s utility
as a front-end script, arising from the tight coupling between tcL and
the remaining C-based components of the core (not C++) to ensure
efficient scripting-based interaction with fast compiled software; and
(iii) the proficient threading capability of TcL for parallelisation, which
offers advantages over scripting languages such as Python and acts
as a key component in achieving fast executable calculations. It is
acknowledged that this may present barriers for new users trained in
other scripting languages; however, the basic syntax across languages is
sufficiently similar to allow for easy translation (aided, for example, by
large language model (11m) assistance), supplemented by the numerous
sivpsoN input file examples in the literature.

As indicated above, an important component of this simpson-v6.0
package is the object-oriented principles intended to strengthen the
possibilities for community-driven development. Significant effort has
been dedicated to overloading operators and functions, so the scientific
user need not be concerned with the ‘deep, dark, rabbit-hole’ of linear
algebra, the ‘perpetual Hatter’s tea-party’ of pointers and memory man-
agement, or the complexities of navigating multi-threading to avoid
the situation where “if you don’t know where you are going, any road
can take you there”. These object-oriented principles may, for example,
benefit the solo user who should find it much easier to programme
novel pulse sequences and develop tools within the sivpson framework,
rather than developing stand-alone software. Details, instructions, and
the potential ‘pool of tears’ involved in compiling sivpson source-code
will be appended to the software itself, as it is a technical procedure
with numerous considerations involving the operating system and the
availability of third-party libraries.

2.2. Visualisation and integration with other software

Smvpson-v6.0, like the original version of smvpson, is accompanied
by the smvrror application [3], serving as a simple graphical viewer
for the display and manipulation of one or more 1D free-induction
decays (rps), spectra, acquisition data, or output from parameter scans.
Siverot is currently only available as binaries at https://nmr.au.dk,
in nmrbox [33], and in Docker [32] smvpson packages; this is due to
technical difficulties associated with the compatibility of the underlying
Tk libraries. Accordingly, two modern alternatives are recommended:
the easynmr platform [23,35] and a Python-based SimView application.

Easynmr [23,35] is an online web-based system used to control the
workflows involved in visualisation and analysis of general nmr data.
It provides a flow-based work environment where the flow objects
are connected through anchors; the principle is that each object has
a specific function and propagates predefined data to the subsequent
object. For example, a spectrum is channelled to a modelling object and
then onwards to a plotting object. Easynmr focusses on seamless and
lossless transfer of scientific data, relying on the core scientific data
model [36]. It is currently hosted on a popular nmrbox server [33],
ensuring a long-term availability and performance. Many features of
easyNnmMR (e.g. basic spectrum modelling) are performed within the
browser, providing flexibility and speed [24,35], while other features,
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Fig. 1. Examples of visualisation of and data integration with smpson simulations. (A) The rasynmr workflow with three different sivpson simulations. The left
frame shows the three simulation objects, each forwarding data to a plotting object. The right frame shows the content of each object, here highlighting the plot
of one of the simulations. (B) An example of SimView, showing the layout of the interface: a text editor where the smveson input file can be modified; a text
output from a running siveson calculation; and a graphical area where calculated rips or spectra can be plotted.

such as siveson simulations, are executed seamlessly through the back-
end server; this eliminates the need for a local siveson installation [37].
The use of rasynmr to facilitate the running of smpson simulations is
described in Ref. [23]. An example of an easynmr workflow is illustrated
in Fig. 1A; the left-hand part of the graphical user interface (cur)
represents BEAM, NOVEL, and PLATO DNP pulse sequence input files exploring
excitation pulsing time (vertical) and offset dependency (horizontal),
with the Beam profile shown to the right (vide infra).

SimView (or sivpson-view) is a lightweight application, written in
Python, serving as a simple front-end for smvpson calculations. It is
intended to allow the simulations to be executed from a graphical
environment as an alternative to the command line utilised by the
original sivpson and smveLor software. The cur comprises three areas:
(i) a simple text editor where the smvpson input file can be modified;
(i) an area reserved for console text output from a running SIMPSON
calculation; and (iii) a graphical area where calculated rips or spectra
can be visualised through simple plots. When properly configured,
SimView executes sivpson on the active input file as an external process.
The resulting rips or spectra are recognised by SimView with the aid
of the text output from smveson using the simview keyword. The data
are plotted automatically in the graphical area, which offers interactive
manipulation such as zooming, scaling, and the use of a cross-hair
cursor, comparison of multiple lines etc., and also facilitates image file
generation (using the Python Matplotlib package in a way similar to
ssNake [10]). An example of the SimView layout is presented in Fig.
1B. The package is available for download from https://github.com/
zdetos/Simpson-View; its open-source code may serve as a basis for
embedding simvpsoN calculations within Jupyter notebooks.

Both rasynmr and SimView are provided as useful tools, particularly
for teaching purposes; however, they are accompanied by a warning
that they are not intended to exploit or visualise all of the intricate fea-
tures that smeson can offer. It should be noted that easynmr also offers
a convenient method for fitting experimental data to siveson simulated
data, aiming to extract NMRr interaction parameters relating to molecular
structure. Alternatively, fitting may be accomplished within a standard
siMpsoN script using the opr-1 optimisation package, as described in
Ref. [16] and available at https://nmr.au.dk.

It should be noted that the smmmoL software [19], which enables
the establishment of anisotropic nuclear spin tensors from protein
structures (typically ppp files [38]), is also available via Docker [32]
through the image vosegaard/simpson. Alternatively, rasynmr has
extended capabilities to generate spin systems from various molecular
files (e.g. ppB, ciF, and MoL).

2.3. Syntax

There are two interpretations of syntax when discussing siveson; the
first is the tci-level syntax that a user programmes as input files, the

second is the C++ syntax coded within the deep layers of sivpson as
overloads, routines, functions, and classes. The syntax presented here
is only concerned with the former. There are few changes to smpson
syntax at the tci-level; these are primarily additions rather than replace-
ments, intended to encapsulate the inclusion of electron spins for err
and pnp calculations. This syntax is readily understood by current users
of sivpsoN, as it follows the same format as that utilised for nuclei. Other
new syntax facilitates fast calculations involving propagator splitting,
pulse transients, and new optimal control features. A summary of new
and modified syntax is outlined in Table 1, and the following sections
will introduce these elements through representative examples. For
older syntax elements, reference should be made to previous papers on
sivpsoN [3,16,18]. It should be noted that, in this paper, notations and
definitions (theory, variables, units, commands etc.) deliberately follow
those presented in previous works as closely as possible to facilitate a
smooth transition into the new features.

Recently, sivpson-v5.0 was utilised as a platform to conduct opti-
mal control calculations involving spatial radio-frequency (RF) field
distribution and magic-angle spinning (mas) induced temporal modu-
lations [29]. For this purpose, the parameter rfmap and a new com-
mand, pulse_shaped_rotormodulated, were introduced. Their
usage is described in the Supplementary Material of Ref. [30] and is
included in Table 1 for completeness. In addition, a full input file is
provided for the optimisation of tm-spice pulses in the Supplementary
Material and the supplementary collection of codes, including example
data files with spatial RF field distributions typical for mas probes with
rotor diameters of 3.2, 1.3, and 0.7 mm. These data files can be used as
viable values for the rfmap parameter. Importantly, these new features
are distinct from the rfprof_file parameter, which characterises a
static distribution of RF field values [18].

3. Electron spin interactions

While nuclear spin interactions have been described in detail in the
original smvpson paper [3] and subsequent accounts, the electron spin
interactions necessary for the calculation of epr and pnp experiments
require formal definition. For consistency, a formalism adopted here
reflects that utilised for nuclear spin interactions in previous sMpsoN
releases [3,16,18]. This approach is also consistent with reviews on
solid-state nmr dipolar recoupling [39,40] and is formulated using
irreducible tensor operators and Wigner transformations. In this initial
description, the scope is restricted to spin—% systems. This ensures
interactions remain sufficiently weak to remain compatible with the
secular approximation within the electron-spin rotating frame.

Following the standard notation of magnetic resonance, the oper-
ators of a composite system containing nuclei (labelled with I) and


https://github.com/zdetos/Simpson-View
https://github.com/zdetos/Simpson-View
https://github.com/zdetos/Simpson-View
https://nmr.au.dk

D.L. Goodwin et al.

Table 1

Summary of new features and commands in sivpsoN.
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Definitions in the spinsys section:
channels N, N, ... N,
nuclei N\ N, ... N,

n

gtensor N o Qm) o, /)1y B Voo

hyperfine N|N, a,/2n) by/Rm) e Py Yo

hyperfine_ave NN, a;,/Rn) b/Rm) 1 &y PocVoc
heisenberg N|N, J

edipole N N, by/Qm) ty frc Yrc
edipole_ave N, N, by/Rn) 1 dy By Yo

A MW channel of the experiment, for a spin-1/2 electron, is introduced as e.

An e is introduced to declare a spin-1/2 electron relevant to the spin system (it is noted
that nuclei is a misnomer).

Electron g-tensor interaction (hertz), similar to shift for nuclear spins. N must be electron.
Electron—nuclear hyperfine interaction (hertz). N, must be electron, N, must be nuclear
spin.

The same as hyperfine but allows to define an asymmetry, ».

Heisenberg, electron—electron spin exchange, interaction (hertz). Similar to nuclear spin
isotropic J-coupling.

Dipole-dipole interaction between two electrons (hertz).

The same as edipole but allows to define an asymmetry, 7.

Parameters for the par section:
magnetic_field B,

oc_optim_method value

oc_silent N
rfmap filename

method valuel value2 ...

split_order N

Magnetic field strength, or magnetic induction (tesla), to determine Larmor frequencies. It
is equivalent to proton_frequency. If both are given, magnetic_field is used.
Optimisation method selection, alternative to the old oc_method parameter. Can be CG
(default), L-BFGS, or SIMPLEX. If the legacy syntax is supplied, it will be used, unless
both are supplied, then the new syntax will take precedence. The SIMPLEX method is a
gradient-free optimisation method and can be used in the same way as the other
optimisation method, but does not require a proc gradient function.

Silences internal sivpson terminal outputs from the optimisation (integer: 0 or 1).
Triggers calculation assuming spatial distribution of RF/MW fields including mas induced
temporal modulations. Must be used together with pulse_shaped_rotormodulated.
The actual distribution data are loaded from the given file. Time discretisation of the
modulations must be equal to or coarser than the time resolution of shaped pulses
(spin_rate scales the time axis for modulations).

Values ROTframe, DNPframe, and LABframe are introduced to declare whether the
calculation is conducted in the nuclear spin rotating frame, a pne frame with electrons in
the electron spin rotating frame and nuclear spins in the laboratory-frame, and a
laboratory-frame for nuclear spins, respectively. Different form of nuclear interactions is
assumed accordingly, electron interactions are available only in its rotating frame form.
When prop_split is given, the splitting method is used for time propagation.

Defines the propagator splitting order (accuracy) when method prop_split is
requested (integer: 0, 1, 2, 3, 4, 5, or 6).

Commands for the pulseq section:
pulse_shaped_rotormodulated 6t shVsh®..

Applies shaped pulses on the respective RF channels assuming a spatial RF field
distribution including mas induced temporal modulations (rfmap parameter must be
properly set). All RF shapes are modified (amplitude & phase) according to rfmap data.

Commands for the main section:
®,, Create_distortion_operator fileét N At

free_distortion_operator ¢,,
distort_shape g,, sh®sh@

. D @
reconstruct_gradient g@g®el) @ ..

value oc_optimize_phase shVsh®...
simview filel file2 ...
value gval2gtensor g 8,8, B,

value gtensor2gval cof; femy o  [Rmn B,

aniso

value hyperfine2hypAB a;/Rn) b /R7) B,

Creates an internal representation of distortion operator ¢,,, from impulse response
function digitised with time step 67 and stored in file, applicable on shapes with N pulse
elements with element duration Ar. Time intervals must fulfil Ar = mét.

Free the internal memory allocated to distortion operator ¢,,,.

Applies a previously defined distortion operator ¢,, on shape sh? to create distorted and
finely digitised shape sh®. The shape sh” must be allocated previously.

To be used in the gradient section mainly. Transforms distorted optimal control
gradient g calculated with respect to pulse parameters of distorted shapes sh? to
optimal control gradient g with respect to original pulse parameters of shapes sh®” that
are to be optimised. This transformation is carried out using distortion operators ¢ used
previously to generate the distorted shapes.

Performs phase-only GrapE optimisation on shaped pulses shVsh®®..., returning the value
of target function and updated shaped pulses sh"sh®....

To be used within SimView cur application. Triggers display of simulation results, Fips or
spectra, generated during smvpson calculation and saved on the hard-drive as filel file2 ....
For a given set of g-values and magnetic field induction B, (tesla), it calculates gtensor
parameters wfszo/azr), wgiiso /@n), n and stores them as a list in value.

Reciprocal conversion to gval2gtensor.

From a given hyperfine parameters, it calculates secular and pseudo-secular hyperfine
constants A and B, respectively, stored as a list in value.

electron (labelled with S) are constructed through Kronecker products
with

A 1.

I{ny’z) 2MR1Q - ® Eg(x.y,z) ®®1 o
a 1.

Sixyal 21 ® Eo'(x,yl) ®-01®1

with the identity matrix, 1, and where the position of the non-identity,
the &
for each spin. In what follows, it is assumed that the labelled operators

xy.z) Pauli matrices, in the Kronecker chain is a unique position
S and i, for electrons and nuclei respectively, are related to their
corresponding Pauli matrices through an ordered Kronecker product
chain.

The electron-spin Zeeman interaction, representing the linear cou-
pling of the electron-spin dipole moment to the external magnetic field,
may be described by the Hamiltonian

where §=(§X S, §,) . (2)

e:' -
H, ="S.¢.B v

eZ

| >

with B denoting the external magnetic field vector, S is a vector
of (Cartesian) electron-spin operators, and g, is related to the Bohr
magneton. In its principal-axis-system (pas, henceforth labelled P), the
g-tensor, g, takes the form

& 0 0
g=]0 8y 0 . 3
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Using the irreducible spherical tensor formalism, with spatial tensors
Ry and spin tensors 7, , the Hamiltonian in the laboratory-frame
(labelled L) can be expressed as

2

Z el Z Z Z \LgeZ

Hy = CERETST +C% Y (D" RSE DTS
m==2

Hg ~ CTRGGTgG + CERED TS @

with a transformation to the electron-spin Zeeman interaction frame
(which is assumed to be along the z-axis) and making the secular (high-
field) approximation. The fundamental constant is given by €% = ﬁ—;
The second-rank spatial tensor in the laboratory-frame relates to the
tensor in the principal-axis-frame as

(Re Z (ReZ /)PD(2) . ( oCL ) D<2> ( Qpc> i 5)

mm'=-2

where D(") denotes the p,q components of a nth-rank Wigner matrix
with .QXY = {aX¥,pXY,yXY} representing the Euler angles relating
the frame X to the frame Y. To accommodate several electron-spin
interactions with distinct principal-axis-frames, the various frames are
transformed into a common crystal-fixed frame C (intermediate be-
tween the individual P and L frames). This approach follows the
methodology previously described for multiple anisotropic interactions
relevant to solid-state Nnmr [3]. Within this framework, the Euler angles
QPC relate each principal-axis-frame to the crystal-fixed frame, while
QCL relates the crystal-fixed frame to the laboratory-frame. The latter
are commonly referred to as powder angles. The spin tensors are
defined as

Z_ p & z_ . [2pa
T()?O_stz and Tz%o—\/;stz ’

while the spatial tensors are given by

R = &iso (R2+2)P———n4g .

3
Z \P Z \P
(RZ P =0, and (RF) =\/;Ag :

with definitions of the isotropic g-value, g, g-anisotropy, 4g, and the
asymmetry parametet, #, as

gx+gy+gz gy_gx

—3 Ag =g, — &iso» M= iz

Since smvpson calculations are usually performed in the electron-spin
rotating frame, it is often more convenient to define the electron
Zeeman interaction in frequency units relative to the carrier frequency,
analogously to a chemical shift for nuclei. This is why, for the gtensor
keyword, the user defines an isotropic shift wlSO = glsoﬁh B, — w,,, a

8iso =

shift anisotropy wamso = Ag%BZ, and the asymmetry 5 instead of the
g-values themselves. To facilitate conversion between these two repre-
sentations, conversion routines gval2gtensor and gtensor2gval
are provided, with the magnetic field strength (in teslas) as an addi-
tional parameter. The Haeberlen convention is used to label and order
the principal elements according to |g, — giso| > 18x — 8isol = 18y — 8isol-
The electron-nuclear spin hyperfine coupling, representing the bi-
linear interaction between their two magnetic dipoles, is given by the
Hamiltonian
Hyz=S-A-T , (6)
where T = (I, ly f,) is a vector of (Cartesian) nuclear spin oper-
ators. In a single-electron picture, the interaction matrix A consists
of two contributions: the isotropic Fermi-contact and the anisotropic
dipole—dipole interactions [41],

A=ai,1+T @

with 1 being the unit matrix. The Fermi-contact coupling is defined

as aj, = %”7";/633/,,|'I’()(0)|2 where |¥’0(0)|2 is the electron spin density at
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the nucleus point. Within the point-dipole approximation, the electron—
nuclear dipolar term T is represented by a symmetric tensor. Using
irreducible tensor operators and assuming the secular approximation
for the electron spin, the hyperfine coupling Hamiltonian in Eq. (6)
may be recast in the spatial laboratory-frame as

HF > HF HF HF HF\L +HF
HHF ~ ClSOROOTOO Cdlp{(R ) T,O

+ R+ RO ®)

using CIF = 1 and CIF = —2y.y,h, with the gyromagnetic ratios 7,
and y, of the electron and nuclear spins, respectively. The relevant spin
operators are truncated to exclude electron-spin transverse components
and take the form

A s R 1as

HF _ HF _ HF _ _
TO,O - SZIZ’ TZ,O - \/;Szlz’ Tz,¢1 - +§SZI¢'
The laboratory-frame spatial terms again transform as in Eq. (5), while
the corresponding principal-axis-frame spatial terms take the form

HF _ p_  [3H 1
R = Giso» (R ) 24r r3

HF \P HF \P _

Ryy) =Ry ) =
Generally, there are other contributions to the hyperfine coupling
between electrons and nuclei that are beyond the scope of the current
presentation, resulting in a general form of the coupling matrix A. In
that case,

A Ay +A,, A —A

Qiso = 3 , da=A, —a, N= Aa

are defined with the corresponding principal-axis-frame spatial terms
(RHF )¥ in the same form as for the g-tensor, i.e. |A, — aj,l

|AXX = ajgo| 2 |Ayy — ajs0l, While substituting a;s, and 4a for g, and
Ag, respectively, and assuming CHF constants equal to unity.

To define the hyperfine interaction in smvpson, the keyword hy-
perfine is used; this combines the Fermi-contact and dipolar con-
tributions through values a;;, and by, where the latter is given as
b = —Z—]‘;hie%, assuming a point-dipole model. In the more general
case of a possibly non-zero asymmetry, the corresponding keyword is
hyperfine_ave, which adopts the values gy, by = 4a/2, and 7
(here, the b5 constant should be understood as an effective dipolar
constant).

The truncated hyperfine Hamiltonian is frequently represented as

Hy=AS, 1, +BS1 )]

employing secular (A) and pseudo-secular (B) hyperfine coupling con-
stants related to the hyperfine coupling tensor defined above as A =
A,, = ajo + big(3cos’ fp — 1) and B = %bIS sin2fp;, where, under
the assumption of QC = {0,0,0}, fp_ represents the angle between
the static magnetic field and the symmetry axis of the hyperfine cou-
pling tensor. These values are calculated using the conversion routine
hyperfine2hypAB included in this sivpson-v6.0 release.

The Hamiltonian for the direct dipole-dipole interaction between
two electron spins has the same form as for the homonuclear dipole-
dipole interactions

~ D peD\LreD
My~ CORDITD a0
with CP =
p_ /1% 5 55 -5 &
Tz%o - \/;(2812522 =SSy~ SlySZy) ’
and the principal-axis-frame spatial operators
Ho 1

REDYP \/7 ,
( ) 247 13

The subscripts, k € {1,2}, of the operators Sk(x,y,z) label each of the
two electron spins. The Hamiltonian in Eq. (10) is defined using the

—2hy?, the spin operator

P
2+| = (R2+2) =
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keyword edipole and the dipolar coupling constant by = — 72 —2 In
the special case of non-zero asymmetry, the variant edipole_ave is
available in Table 1; this is implemented in the same way as the nuclear
dipole_ave to enable # to be defined.

Finally, the Heisenberg coupling (exchange) interaction between
two electron spins, which resembles the isotropic homonuclear J-
coupling known from nwmg, is described by the Hamiltonian

Hy =J,S,-S, = CORET an
where J, Re" denotes the isotropic exchange coupling constant,

and C** is equal to unity to conform to the notation. The Heisenberg
interaction may, for example, be significant if radicals are sufficiently
close for wave-function overlap. No further simplification or truncation
is assumed when the two electron spins have different g values and
under high-field conditions. The interaction in Eq. (11) is defined using
the heisenberg keyword; this was named to avoid confusion with
chemical exchange, which may be relevant for future implementations
in SIMPSON.

As indicated by the notation used above, Smvpson performs the
simulation of epr and pnep experiments with electron spins in their
rotating frame and with any nuclear spins in the laboratory frame;
the option DNPframe must be defined in par (method) for pne and
epr simulations (smivpson has the option of three different simulation
frames, ROTframe, LABframe, or DNPframe with ROTframe being
the default).

3.1. Electron paramagnetic resonance

To illustrate the use of siveson for the simulation of pulsed epr exper-
iments, Fig. 2 provides examples of electron echo envelope modulation
(eseem) [42]. These include representative demonstrations of single-
crystal orientations, powder averaging, and offset averaging, evaluated
in the context of both ideal pulses and finite-duration (physically real)
pulses.

Starting with a simple electron-nuclear two-spin system, the smpson
syntax proceeds to create a spinsys with relevant interactions using
the following syntax:

spinsys {

=00
N O e
o o
= O
[oNe]
o o
S O
o
o

}

This specification, as detailed in Table 1, utilises the misnomer of
categorising an electron spin within a nuclei entry. This convention
is maintained to ensure the framework remains conceptually consistent
with nMr simulations. The example system comprises an electron spin
and a 'H nucleus, whereby irradiation is defined on the electron-
spin channel. In this particular case, the g-tensor (expressed in Hz) is
isotropic and configured to match the rotating-frame frequency exactly.
The hyperfine interaction has no isotropic component, an anisotropy of
1 MHz, and the Euler angle fp; of 45° assuming a crystallite with angles
QCL = {0,0,0}. The Hamiltonian for this system is formulated as:

H(t) = o, (08, + 0,08, + 4ogS, + AS,1, + BS,T . (12)

where all frequencies are expressed in angular units. The time-
dependent x— and y—phase MW irradiation and electron spin offset
are denoted by the symbol w; this characterises the angular frequency
and ensures consistency with previous smvpson accounts [3,16,18].
For instance, the internal electron spin interactions are categorised
according to the widely utilised secular and pseudo-secular forms.

The hyperfine coupling tensor parameters defined in sSpinsys can
be converted to the secular and pseudo-secular hyperfine constants A
and B, respectively, using the procedure hyperfine2hypAB. In this
specific example, the conversion routine:

Journal of Magnetic Resonance Open 27 (2026) 100218

A .
/2 T acq
[
T T
| 1 N\
X X
2 B B2 acq
i
B MW X X X
1
P
%
n
>~ 0.99 K
ideal pulse
0.98 :
0.2 0.4 0.6 0.8 1 1.2 1.4
7 (ps)
T
0.49 NANNNANAANAAA~———
N
3
o
>~ 048 | —
ideal pulse non-ideal pulse
0.47 ! .
0 0.2 0.4 0.6 0.8 1 1.2 1.4
7 (us)

Fig. 2. (A) Pulse sequence diagrams for 2-pulse and 3-pulse Eseem experiments.
(B) Simulated echo intensity, (SX), as a function of the delay time 7 for 2-
pulse eseem for a single orientation of an electron—proton two-spin system with
ideal pulses (using pulseid). (C) Corresponding simulation for 3-pulse Eseem
using the same spin system, but with a summation over several crystallites.
Additionally, an explicit summation over electron offsets is performed. The
effect of using non-ideal (soft) pulses (red, using pulse) is shown relative to
ideal-pulses (blue, using pulseid). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this
article.)

set valAB [hyperfine2hypAB 0 1e6 45]
puts
puts

outputs the values A = 0.5 MHz and B = 1.5 MHz (following insertion
in a TcL script, e.g. ABconv . in, and execution in a shell using smpson
in the same manner as standard input files).
For the given examples, the pulses o, (t) in Eq. (12) are time-
dependent MW amplitudes as defined by the pulse sequences in Fig. 2A,
applied to the electron spin with an offset dwg = ayg _wmmer relative to
the MW carrier frequency (the latter takes the value O in the spinsys
above, but is included for further examples that may be off-resonance).
The common parameters for simulating the pulsed Eseem experi-
ments shown in Fig. 2A are set in the par section of sivpson code:
par {
14.8e6
Ilx
Ilx
DNPframe
384
250

}

These parameters assume X-band conditions (9.742 GHz for the elec-
trons) corresponding to 14.8 MHz Larmor frequency for protons. An
additional option, DNPframe, has been added to method and must
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be defined for pne and epr simulations (instead of ROTframe or
LABframe). The %-pulse is not explicitly calculated, with the starting
and detection operators set along the x-axis. The variables np and sw
(the number of acquisition points and the spectral width, respectively)
are internal sivpson parameters; in this instance, sw only influences the
simulation when writing values to the output file. In the absence of a
crystal_file, a single-crystal orientation is determined using the
provided C to L Euler angles.

For the 2-pulse Eseem experiment in Fig. 2A (top row), the pulseq
section is written in SIMPSON as:
proc pulseq {} {

global par
# set delay incr., max.
set dt 0.004
set T [expr $par (np)*$dt]
for {set tau 0} {$tau<$T} {set tau [expr $tau+$dtl} {
reset
delay $tau
pulseid 0.005 100e6 x
delay $tau
acq

delay, then loop over par (np)

}

where the loop over delay values is performed explicitly in TcL. The
pulse sequence (initialised to start_operator I1x) consists of a
delay of tau, followed by and ideal pulse, pulseid, and a further
delay of tau. The flip angle of the pulse is calculated using 5 ns
at 100 MHz around x; pulseid assumes an infinitely short pulse in
calculations. If a finite pulse is required, pulseid is replaced with
pulse. The delay, tau, is incremented by dt =4 ns to a maximum
of T =1.53 ps.
The main section is then formulated as:

proc main {} { fsave [fsimpson] eseem.fid }

The resulting simulation of an Eseem trace, saved in the file es-—
eem.fid, is shown in Fig. 2B; in this instance, where only a single
orientation is calculated, the pulses are assumed to be ideal. The
observed oscillations/splittings are characteristic of the eseem effect,
arising from anisotropic hyperfine interactions that are comparable in
magnitude to the nuclear Zeeman interaction.

For 3-pulse eseem, with the pulse sequence given in Fig. 2A (lower
row), the spin system is identical to that used in the 2-pulse Es-
eeM example, with the significant difference being the inclusion of a
crystal_file to simulate a powder and an averaging_file to
simulate an offset bandwidth. Specifically, the additional syntax lines
are appended to the par section:

#...
replé44d

gtensor_1_iso_30MHz.ave
#...

Here, the internal crystal_file rep144 denotes that the powder
is represented by 144 {ac;.fc} pairs of angles selected using the
reruLsioN method [20] (it should be noted that y;, as defined in
Eq. (5), is irrelevant for a static powder within the electron-spin
high-field approximation). The internal averaging_file gten-
sor_1_iso_30MHz.ave organises the averaging over an offset
range specified as a list of offsets and weights in the file
gtensor_1_iso_30MHz.ave (included in the Supplementary Ma-
terial). In principle, an anisotropic g-tensor could also be utilised,
but then the anisotropy of the hyperfine interaction is correlated
with the anisotropy of the g-tensor. It is common in epr to have, for
example, unresolved hyperfine couplings to nuclei in the solvent; it is
therefore practical to perform simulations over a range of offsets. In
this instance, a uniform distribution is utilised (in the specified file),
though it would be straightforward to utilise a Gaussian one. Note that
for an averaging_file to be used, the parameter being modified
must be initialised in the spinsys with a nominal value. In this
specific case, gtensor 1 1 0 0 O O O (the nominal a)fszo /(Q2r) is set
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to 1 Hz but is overwritten at every stage of the simulation with the
averaging_file).

The pulseq section for 3-pulse Eseem, incorporating an additional
pulse and delay relative to 2-pulse Eseem, is written as:

proc pulseq {} {
global par
# coherence selection
matrix set 1 coherence {{0 1} {0 -1} {0 0}}
# set delay incr., max. delay, then loop over par(np)
set dt 0.004
set T [expr $par (np)*$dt]
for {set tau 0} {$tau<$T} {set tau [expr $tau+$dtl} {

reset

delay 0.104

pulseid 0.0025 100e6 x
filter 1

delay $tau

pulseid 0.0025 100e6 x
delay 0.104

acq

Y

where coherence selection is introduced via the commands:

matrix set 1 coherence {{0 +1} {0 -1} {0 0}}

#...

filter 1
These commands select a coherence order of O for the electron spin at
the beginning of the free evolution time, while retaining the coherence
order {+1,0,—1} for the nuclear spin.

The main section identical to that of the 2-pulse eseem example.
The resulting simulated signal for the 3-pulse eseem pulse sequence is
shown in Fig. 2C. Furthermore, the effect of soft pulses is illustrated
using pulse (of 25 ns at 10 MHz around x) instead of pulseid in
the pulseq section. As expected, the modulation differs for a non-
ideal (soft) pulse whose bandwidth is insufficient to excite both allowed
and forbidden transitions in the system [43]. In contrast to a Hahn
echo sequence using ideal pulses, which yields a theoretical intensity
of unity, a corresponding stimulated echo sequence, in the absence of
eseeM effects, results in a maximum amplitude of 0.5.

3.2. Dynamic nuclear polarisation

Dynamic nuclear polarisation (pnp) [44-46] has become a powerful
and widely used technique for enhancing nuclear spin polarisation. By
transferring the high electron-spin polarisation to the relatively low
nuclear-spin polarisation ensemble [47-49], experimental sensitivity in
NMR can be enhanced by orders of magnitude. This approach enables the
simultaneous, indirect probing of electron and nuclear spin information
and facilitates applications in quantum sensing. Until recently, pnp
followed a similar path to the early development of nmr by utilising
continuous-wave (CW) irradiation to manipulate the spins; in this in-
stance, MW irradiation is applied to the electron spins as opposed to
RF irradiation on the nuclear spins (noting that the term RF also covers
most typical MW frequencies utilised in epr and bnp).

Pulsed realisation of pne is currently receiving considerable atten-
tion, with the potential to yield performance gains comparable to the
earlier transition from CW to pulsed nmr. Pulsed pne experiments for
electron-to-nuclear spin polarisation transfer include techniques such
as: nuclear-spin orientation via electron-spin locking (nover) [50]; inte-
grated solid-effect (ise) [51]; PulsePol [52]; Tor-Dnp [53]; X-inverse-X
(xix) pnp [54]; teem [55]; broadband excitation by amplitude mod-
ulation (Beam) [56]; polarisation transfer via non-linear optimisation
(prato) [57]; constrained random-walk optimisation (crw-orr) [58];
longitudinal pulsed dynamic polarisation via periodic optimal control
(roop) [59]. In particular, BeAam, prLATO, CRW-0PT1, and Loop are extremely
broadband pulse sequences that were designed using advanced com-
binations of effective Hamiltonian methods [60,61] and numerical
optimal control [62] (or non-linear optimisation).
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Fig. 3. (A) Pulse diagrams for representative pulsed pne experiments. (B,C)
Numerical simulations of the e~ to 'H polarisation transfer efficiency |(i,)|
(numerical) as a function of the electron-spin offset Awg/(27) (represented by
the sivpson parameter gtensor_1_iso) (B) and the contact (or mixing) time
foonact- The initial operator (start_operator) is S,; this assumes, as in the
pulse diagrams, initialisation with an ideal (z/2), pulse (not included in the
simulation). The detection operator (detect_operator) is along {,, which
assumes detection of transverse coherence with a solid-echo pulse sequence
(not included in the simulation). The pulse sequence diagrams also contain
saturation pulses and repetition of the pne element to pump polarisation from
the electron to multiple nuclear spins, which has not been included in the two-
spin simulations. The sivpson code and the spin-system parameters for these
figures are outlined in the text and provided in the Supplementary Material.

In the development and design of pulsed pne experiments, and in
their evaluation and comparison, access to numerical simulations is
invaluable. Fig. 3 illustrates simulations performed using sivpeson for the
NOVEL, BEAM, PLATO, and crw-opT] pulsed pne sequences. Schematics of the
pulse sequences are shown in Fig. 3A, along with associated broadband
excitation and pne contact (or mixing) time profiles [58,59,62] at X-
band MW frequencies (14.8 MHz for 'H and 9.742 GHz for electrons)
shown in Fig. 3B and Fig. 3C, respectively. Fig. 1A also shows a 2D
simulation of the offset versus contact time for the Beam sequence, using
the same parameters as in Fig. 3.

The smpson simulation of the pne pulse sequences in Fig. 3 starts
with the construction of a simple pne system; the Hamiltonian and spin
system (the spinsys section) are identical to those utilised to simulate
the eseem experiments in Fig. 2. The next step is to define relevant
parameters, which for the Beam and NoveL experiments are represented
by the parameters:
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par {
14 .8e+6
Ilx
-I2z
DNPframe
rep2000
le9
1
false

}

Again, DNPframe is used instead of ROTframe or LABframe. In this
example, the initial operator is I1x and the detection operator is —
I2z, with a powder sample specified by a crystal_file with 2000
REPULSION [20] crystallite angles, rep2000. For NoveL, the polarisation
is transferred to +z, so the detect operator should be set to I2z (to
mitigate this, Fig. 3 shows the absolute value). The spectral width sw
and number of acquisition points np are also defined.

The pulse sequence in the pulseq section of the input file is
formulated for NovEL as:
proc pulseq {} {

reset

pulse
acq

0.8 14.8e+6 180
by

where the pulse duration of 0.8 ps yields maximal transfer. For Beam, it
is:

proc pulseq {} {

reset

pulse 28.0e-3 32e+6 0
pulse 31.6e-3 32e+6 180
store 1

reset

prop 1 31

acq

}

where the two pulses of opposite phase are repeated 31 times (using a
pre-calculated propagator in the prop command), resulting in a total
duration of 1.83 ps (corresponding to the maximum transfer efficiency
for Beam identified in Fig. 3C, vide infra).

To examine simulation of the transfer efficiency as a function of the
electron-spin offset (4wg/(27)), the main section of the svpson input
file for both Beam and noveL takes the form:
proc main {} {

set fid [open bandwidth.dat w]
# loop over offsets

for {set g -60e6} {$g<=60e6} {set g [expr $g+1eb5]} {
set f [fsimpson [list [list gtensor_1_iso $gll]

puts $fid
funload $f
}
close $fid

}

The loop over gtensor_1_iso values is performed explicitly in the
main procedure using a tc. for loop and the results are stored in the
bandwidth.dat file.

The pulseq code for the piaTo and crw-oprl pulse sequences is
similar to that for Beam, apart from the use of a single, convenient
pulse_shaped command rather individual pulses:

proc pulseq {} {
global duration shp h

reset

pulse_shaped $duration $shp
store 1

reset

prop 1 $h

acq

}

Here, the pulse shape shp is repeated h times, as defined in the
main section of the sivpson input file; for praTo, the following lines are
included:
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proc main {} {

#...

global duration shp h

set shp [load_shape plato.shpl

set duration [expr 0.005%[shape_len $shpl]
set h 15

#...

¥

The same structure applies to crw-optl, except with h 13 and a different
shape file, load_shape cRW.shp.

The code set out so far reproduces the offset plots in Fig. 3B,
where it is evident that the more advanced pulse sequences lead
to a significantly larger bandwidth than that for noveL. In particu-
lar, crw-oprtl, designed using a combination of constrained random-
walk and non-linear optimisation based on exact effective Hamiltonian
theory (eent) [60,63], provides a large bandwidth, here approaching
100 MHz [58]. The single-spin-vector effective Hamiltonian theory (ssv-
enr) [61,64,65] was a highly efficient design protocol used in the
development of the Beam [56] and prato [57] pulse sequences.

Reproducing the pnp contact-time profiles in Fig. 3C requires modi-
fying the smvpson input files; this permits the simulation of data points
representing an increasing number of pulse-sequence building blocks of
length 7, to form the contact (or mixing) time ., = 7, under on-
resonance conditions. The latter is implemented in all four examples
by setting np 5000, thereby allocating 5000 rip points (a value sig-
nificantly exceeding the minimum requirement) to accommodate the
contact-time loop. In this case, the main section for noveL and Beawm is
similar to the bandwidth simulation, except there is no loop over the
offsets:

proc main {} { fsave [fsimpson] DNPtime.fid }

The main sections for piato and crw-oprl should load the correct
shape file and set the corresponding duration in the same way as
for the bandwidth simulations. The pulseq sections differ from the
bandwidth simulations, acquiring over the pulse block; for NoveL this
is:
proc pulseq {} {

global par

acqg_block {

pulse 0.8 14.8e+6 180

+
}

and for Beam the acq_block contains:

acq_block {
pulse 28.0e-3 32e+6 0
pulse 31.6e-3 32e+6 180
}

The pulse shape used for prato and crw-oprl is implemented with
acq_block in a similar way:
acq_block {

pulse_shaped $duration $shp
}

Introduced in sivpson-v4.0, the acq_block procedure discretises the
time evolution into dwell-time steps, repeating the basic element de-
fined in parentheses as many times as necessary to populate the entire
FID with np points. The offset plots in Fig. 3B were calculated using a
number of repetitions, h, corresponding to the first maxima in Fig. 3C
DNP contact-time profiles.

4. Optimal control and time-propagation

Introducing optimal control methods for magnetic resonance can
be convoluted, as they rely on idioms of control theory and numerical
optimisation. To avoid alienating spectroscopists or those seeking only
high-performing pulses, a simple optimal control problem is presented.
The exercise presented in this section serves to introduce ‘fidelity’

Journal of Magnetic Resonance Open 27 (2026) 100218

within a sterile environment and to demonstrate the analytical formula
for the time-propagators of single-spin systems.

Considering a single spin, for example, a proton, with an offset
Aw = 0, the Hamiltonian for a time-dependent (shaped) pulse is written
as

HD = o,0l +o,0l, . 13

where fx,y are related to the Pauli matrices, byys through Eq. (1) without
Kronecker products, since only a single spin is present. These operators
are termed controls, and pulses can be termed control amplitudes, here
denoted by o, (@) (in the x and y directions). Defining the smpson
spinsys for this case is trivial:
spinsys {

1H

1H
}

Describing the time-dependent control pulse as piecewise-constant over
a small time interval 4t [66,67], i.e. discretising the pulse shape, the
Hamiltonian of a single time-increment is written as

H, = o1 +o,,1, . 14

The numerical solution to the Schédinger equation, using Eq. (13),
is calculated through time-ordered propagation to find a system state
at a time-increment » from a given initial state p:

U, =P BP p= Uyl 15)

Typically, a propagator is calculated using a matrix exponential,
P, = exp [~iH,4t]; however, in the absence of additional Hamiltonian
components in Eq. (13), such as interactions, a time-propagator can be
described as a rotation around the axis of the Hamiltonian X, by an
angle rAr, where 2 = 02, + @2 ,.

A time-propagator, P, can be calculated using the Euler-Rodrigues
formula [68,69] for spin-%:

P:[_(;* f] , (16)

which is formulated in terms of the complex elements:

rAt L@, . ([ rAt
a=cos| — | —i—=sin| —
2 r 2

ﬂ=—&sin<r—m>—i&sin<%m> a7
r r

2

= S+ @? +

r=4/oy +opt+ o,
For the Hamiltonian in Eq. (14), the term w, = 4w is 0, and the two
controls at a time-increment therefore result in the terms w, = w,,
and o, = o,,. Using these variables gives the propagator at one

time-increment, 7,.

A single-spin time-propagator can also be calculated for a spin-%
system (which will be used in Section 7) and is expressed in terms of

a and g from Eq. (17) as

o V3ap V3ap? &
_|-VBetp G- pGE+ D VEarp?
| VB Gt o« GE-5) Ve

_pr3 \V3arp? —\3a2p o3

with the shorthand notation ¢ = aa* — g#* = |a|?> — | |°. Using Eq. (16)
or Eq. (18) to calculate time-propagators is much more efficient than
using a matrix exponential, as no matrix operations are required.

In the context of optimal control, a metric must be defined to be
optimised: a real number that reflects the performance of a solution,
known as a figure of merit. Accordingly, the aim of optimal control
in magnetic resonance is to maximise the fidelity, here defined as an
overlap of the final state p,, with a desired state pirge

2 18)

FS = 2Re(tr[pzargetpN]) : (19)
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This particular fidelity, utilising a trace for the overlap of two states, is
categorised as a state-to-state optimisation.

Utilising only a fidelity calculation, smvpson can perform a gradient-
free optimisation to find desired optimal pulses. A simple optimisation
resulting in an inversion composite pulse to mitigate the influence of
RF-field inhomogeneity is performed using the following entries in the
par section:
par {

Ilz

-I1lz
solenoid.rf

prop_split
0

false
SIMPLEX
150

}

Here, the start_operator and detect_operator set the control
problem to find an inversion pulse. The optimisation method SIMPLEX
(Nelder-Mead) [70] is set to run to a maximum of 150 iterations.
The parameter rfprof_file solenoid.rf defines the static RF-
inhomogeneity profile, modelling the B, field distribution in a typical
solenoid coil with RF-scaling factors ranging from 40% to 100%.

The calculation method prop_split is requested in combination
with a parameter split_order; this is set to zero, representing a
zeroth-order approximation for the propagator-splitting method (the
significance of which is clarified below). This utilises the propagator
calculation in Eq. (17) and ignores interactions during propagation.
Since there are no interactions in Eq. (13), the selected method is exact.

The pulseq section propagates the shaped pulse, here named shp,
and in this instance sets the pulse duration to 125 ps:
proc pulseq {} {

global shp
reset
pulse_shaped 125 $shp

oc_acq_hermit

¥

The internal smpson command oc_acq_hermit then calculates the
fidelity in Eq. (19). As in previous versions of sivpson, the optimisation
functionality requires a target_function. At the simplest level, this
is formulated as:
proc target_function {} {

set f [fsimpson]

set Res [findex $f 1 -re]

funload $f

return [format [expr 2.0*$Res]]

¥

where the fidelity is multiplied by 2, as indicated in Eq. (19), to yield
a maximum F, = 1. The main section is coded as:
proc main {} {

global shp

set shp [shape_create 5 -ampl 5000]

for {set i 0} {$i < 10} {incr i 1} {

set tfopt [oc_optimize $shp -max 20000]
+

save_shape $shp optimised_pulse.dat
}

This creates an initial pulse shape comprising 5 piecewise-constant dis-
crete pulses, with all initial amplitudes w, ,/(27) = @y ,/2x) =5 kHz.
The optimisation is then performed 10 times, using the pulse solution
from the preceding optimisation as the initial pulse for the next. This
optimisation performs more effectively with a restart, as is common
with gradient-free optimisations [71]. The maximal RF amplitudes in
the resulting shape are restricted to 20 kHz, a relatively low value
typical of liquid-state probes. This value was arbitrarily selected to
pose a challenge for the optimisation. The resulting composite pulse
is presented in Fig. 4, together with its remarkable performance over a
large range of RF inhomogeneity.
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Fig. 4. Gradient-free optimisation of a composite inversion pulse to mitigate
large RF-field inhomogeneity. A shaped pulse with a duration of 125 ps
comprising five elements, was optimised using the simplex algorithm and
the prop_split method; the resulting RF amplitudes wgr/(27) and phases
¢ are presented in panels (A) and (B), respectively. (C) The fidelity F, of
the inversion is evaluated over a range of RF-field scaling factors kyz and
compared with the inversion profile of a rectangular pulse with a 20 kHz
amplitude.

5. Propagator splitting

It is important to explore ways to accelerate numerical calculations,
particularly for large spin-systems and for the iterative determination of
spin-system parameters by fitting experimental spectra. The largest part
of computation time in pulse-sequence calculations is spent on the as-
sociated propagator calculation: the matrix exponential. This becomes
more critical when combining spin-system simulation with numeri-
cal optimisation methods where, as outlined above, time-propagation
must be repeated for many optimisation iterations. Additionally, it is
common for optimal control solutions to require many discrete time-
increments; more time-increments equates to more propagators. It is
of great interest to consider how this propagation can be made more
efficient. One method of interest in the present context, indicated re-
cently [69,72-74], is splitting [31,75-80]. A more descriptive name, in
the context of this work, is split-operator time-propagation (propagator-
splitting) and an historical review of splitting methods can be found in
Ref. [31].
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Propagator splitting offers a variety of methods to calculate a
time-propagator/rotation-matrix to a desired accuracy in time/angle.
One of the simplest, non-trivial, splittings is the symmetric Strang-
splitting [77,81]. Its form is instructive to the magnetic resonance
community [72]; furthermore, its derivation yields theoretical insights
that release the self-imposed constraint of ‘memory only working
backwards’.

In general, RF/MW pulse Hamiltonians .A and interaction Hamil-
tonians B do not commute: [A,B] = AB — BA # 0. The notation of
splitting the total Hamiltonian into two parts, A and B, is used in the
following sections to simplify equations:

A = Single-spin terms comprising control-pulse Hamiltonians and off-
set Hamiltonians. Time-propagators of these Hamiltonians can
be calculated analytically with Eqgs. (16) and (18).

B = The remainder; specifically, that which does not fit the definition
of A. Practically, this is the Hamiltonian containing all non-
single-spin interactions and, in the context of optimal control,
remains constant from iteration to iteration.

Although seemingly similar, this splitting should not be confused with
that of optimal control, where the control Hamiltonian is split from
the drift Hamiltonian to create a bilinear control problem [82]. Fur-
thermore, many magnetic resonance simulations, aside from mas NMmR,
feature a time-independent /3, with the only time dependence residing
in the control pulses contained in A.

When calculating rotations or time-propagators, an exponential map
exists between the Hamiltonian and the desired solution for a rotation
or time-propagation, with e !B+ + e=iBle=iAl A fyl] expression for
this exponential map, in which the interaction and control are split,
is provided by the Zassenhaus-product formula [76] (dropping the
imaginary number and including all other common multipliers in ¢,
such as the time interval At)

B+ AN Bt At 4 LABI 4 QULABLALABLB)

=e e’ te2! e3!

(20)

The first term, e®’e?, is the Lie-Trotter splitting [75] which, essen-
tially, characterises a system where the two Hamiltonians, A and
B, commute; its accuracy scales linearly with +~!. Conceptually, this
is analogised with the ideal pulse in magnetic resonance, which is
infinitely high and infinitesimally thin, and the approximation rep-
resenting its practical implementation as a non-ideal pulse, which is
generally taller than it is wide for better performance.

To account for the non-commutativity, an increase in accuracy is
achieved using an integer exponent [75,78]

= lim<e%Bte$At)” = (eﬁBteéAr>n+ (9<ﬁ>

) n?
This is interpreted as taking the limit of the associated integral to O
or, in numerical terms, calculating the time-propagator for a smaller
time/multiplier * and multiplying that time-propagator by itself »
times. This is termed Trotterisation [75] and is calculated efficiently
using scaling and squaring [83]. Sivpson has already implemented this
functionality through the maxdt keyword,; it is also implicit in several
propagation methods, e.g. taylor.

As an example of simple splitting, the following broadband, single-
spin optimisation is presented, in which the offset terms are split from
the controls pulse terms using the Lie-Trotter splitting of Eq. (21). The
optimal control task aims to yield 90° broadband universal rotations
by optimised pulses (BurBor) [84]. A simple spin system is defined,
broadband !3C over 40 kHz, with the Hamiltonian

e(BJr.A)t (2 1 )

H() = 0, (O, + 0,01, + o, (22)

which is implemented in sivpson as:
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spinsys {
13C
13C
1100000
}
par {
shift_1_iso_40kHz.ave
prop_split
1
false
500
le-4
}

An averaging_file averages the optimisation over a list of chemi-
cal shifts contained in shift_1_iso_40kHz.ave. This file contains
o, /(2x) € [-20,+20] kHz as a grid with 41 equally weighted elements,
with weights normalised to unity (as before, a nominal chemical shift
is set to 1 Hz, which is overwritten at every stage of the simulation with
the averaging_file).

The Lie-Trotter splitting of Eq. (21) is implemented using
split_order 1. Smpson currently calculates pulses using Eq. (16)
(i.e. using w, = 0 in Eq. (17)) for the single-spin Hamiltonian A. This
corresponds to setting w; = 0 for nuclei or wg = 0 for electrons and
allocating these offsets to the interaction Hamiltonian in 3.

In a departure from the standard Bursopr, a new class of pulse is iden-
tified using target propagators dispersed around the transverse plane to
achieve higher fidelity. This is a relatively new approach in optimal
control and was first published as second-order phase dispersion by
optimised rotation (sorpor) pulses [85]. This work demonstrated that
the duration of optimised pulses is halved when compared to BurBOP
without loss of performance. Sorpor pulses were subsequently validated
in experiments [86,87].

The dispersion of the target propagators, as detailed in Ref. [85], is
given by an angle o, defined as
2

@ = an(l - %)

where Q is the quadratic coefficient, Q € [0, 1], wy is a particular offset
within a range of [-£/2,+£/2], and b is the bandwidth factor, b = Qr
(r is the duration of the pulse). Calculation of a; requires the current
offset (chemical shift, w;)); this is achieved in smpson by inspecting

the current Hamiltonian matrix (rounding is used to set o) to whole
numbers of hertz):

(23)

proc get_dsp {Omega duration Q} {

set pi 3.14159265358979323846

set b [expr $duration*$0Omegal

set H [matrix get hamiltonian]

set h1l [expr round([lindex $H 0 0 0]/($pi))]

set ak [expr $pix$b*$Q* (1-(($h11x*2)/($0mega**2)))]
return $ak

}

In optimisations of universal rotations, fidelity is defined as the overlap
of the effective propagator U, with the desired effective propagator
Vlarger- In this particular set-up, it is formulated as

1 ¥
k= ZRe(tertargetU‘N]) 24
The factor of 1 normalises the maximum fidelity to unity.
The desired effective propagator,
Utarget = exp[—i%(ix cosay + iy sin ak)], (25)

can be determined using avgham_static and stored in a specific
memory slot for use in oc_acq_prop calculating the overlap of the
propagators. The pulseq is formulated as:

proc pulseq {} {
global shp Omega duration Q

set ak [get_dsp $0mega $duration $QI
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set cosak [expr cos($ak)]
set sinak [expr sin($ak)]

reset

avgham_static 0.25e6 $cosak*(Ilx)+$sinak* (Ily)
store 10

reset

pulse_shaped $duration $shp
oc_acq_prop 10
}

In this instance, the rotation angle of 7 /2 is set with the first argument
of avgham_static representing the duration of action (in ps) of the
Hamiltonian corresponding to the second argument. The amplitude of
the given Hamiltonian (the axis in the transverse plane, I1x and I1ly)
is 1 rad/s and thus the duration is 0.25e6.

The target_function is identical to that in the previous exam-
ple, except normalised with Res/4.0, i.e. divided by the square of
the matrix dimension. In addition to the target_function, this op-
timisation requires a gradient-following optimisation method to make
progress. The sivpson gradient function is formulated as:
proc gradient {} {

global par NOC
set par(np) $NOC
set g [fsimpson]

return $g

}

This requires par (np) to be set to the number of points in the pulse
shape, NOC, to accommodate all gradient elements in g.

Following the procedure detailed in Ref. [85], a morphic optimal
control task commences from a known pulse, BurBop, and progressively
increases the quadratic coefficient of the phase dispersion to determine
higher fidelity sorpbor pulses. This is implemented in the main section
as:

proc main {} {
global shp NOC Omega Q b duration

# load the BURBOP shape

set shp [load_shape burbop090_0300us.dat]

set NOC [shape_len $shp]

set duration [expr $NOC/2]

set Omega 40e3

for {set Q 0.0} {$Q<=1.00} {set Q [expr $Q+0.01]1} {
set tfopt [oc_optimize_phase $shp -max 10000]

}

}

This optimisation incorporates a new functionality in smpson, optimis-
ing only the phase of the pulse, as is appropriate for sorpor, using
the keyword oc_optimize_phase. The tolerance for an acceptable
gradient is reduced from the default (1e-3) to oc_cg_min_step
le-4, consistent with the original sorpor study [85].

Results are illustrated in Fig. 5, with the optimal pulse shown in Fig.
5A,; this was identified at O = 0.84 with a fidelity of F, = 99.095% using
a phase-only optimisation (at a constant amplitude of 10 kHz), which is
consistent with the original study [85]. The maximum fidelity achieved
at each Q is shown in Fig. 5B, plot as a function of the wall-clock
time. The four plot line provide a comparison between method diag
and method prop_split; the solid lines represent the phase-only
optimisation oc_optimize_phase (performed as in the original sor-
DoR paper and subsequent research [85,86,88]), while the dashed lines
represent a simultaneous phase and amplitude optimisation oc_op-—
timize (which results in an approximately constant-amplitude pulse
with slightly less fidelity).

5.1. High accuracy splittings

The splittings described above only treat single-spin terms effec-
tively: the Hamiltonians H,, H,, and H,. To simulate interactions
between spins effectively with splitting methods, higher accuracy is
required.
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Fig. 5. (A) Plot of the constant-amplitude (10 kHz) sorpor pulse [85], with
QO = 0.84 and F, = 99.095%, optimised using the smvpson code outlined in
the text. (B) Wall-clock time for fidelities achieved with morphic optimal
control, starting from Bursop [84] and ramping the quadratic coefficient, O
(Bursor has Q = 0), for both method diag and method prop_split;
dashed lines represent an optimisation of phase and amplitude, while solid
lines represent phase-only optimisation. Wall-clock time were measured using
a Linux workstation with an amp Ryzen 7 5700G 8-core processor.

Taking the matrix logarithm of the Zassenhaus formula [76] in
Eq. (20) leads to the Baker-Campbell-Hausdorff (scH) formula [89-91],
which is familiar to the NMr community. For e€ = ePeA, this is

C=B+A+%[A,B]+%(A2)... , 26)

where the shorthand notation A, = 2[[A, Bl, A] + [[A, B, B] is em-
ployed.

An additional order of accuracy can be obtained, relatively cheaply
when compared to Eq. (21), through evaluation at the midpoint of
B in Eq. (20); this is analogous to the increased accuracy of an inte-
gral midpoint evaluation [92] and yields the symmetrised Zassenhaus

formula [79,80]

11 1
eBHAY _ . ,(Az)r3e§13t

o3 Arg5Blos AP

ete? 27)

The first (central) term is named the symmetric Strang-splitting [77,
81], which is accurate to 2

g o4 L

B = 3 BleAer B 4 0(7)

(28)

The result of this symmetrisation is to gain an order of accuracy with-
out additional costly matrix exponentials, requiring only an ancillary
matrix-matrix multiplication.

Higher-order splittings, typically of even order when based upon
the symmetric Zassenhaus formula, are obtained from a mathematically
rich field employing order conditions and the theory of composition
of numerical integrators [93-95] (which is beyond the scope of this
manuscript). Without detailing the specifics of higher-order propagator-
splittings, their general form is a conjugate-palindromic chain of matrix
exponential multiplications, each with a multiplier coefficient. In the
case of Strang-splitting, the coefficients are 1 multiplied by A and %
multiplied by B. The palindromic form is evident for Strang-splitting
by noting the central symmetry in Eq. (28).
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Based upon the symmetric Zassenhaus form, a general, even-order,
palindromic splitting comprises additional coefficients

e(lS+_A)x — ... eszteaz.AtebIBIea]Areb]b’teaz.Ateszt (29)
The coefficients a; and b, may be positive or negative; negative co-
efficients are interpreted as propagation backwards in time and, as
detailed in [96], splitting orders > 2 must incorporate some negative
coefficients. Splitting of this type increases accuracy at the cost of
additional matrix operations.

Scrutinising the Strang-splitting and Lie-Trotter splitting further,
where a; = 1, one of the order conditions shows how the two are
numerically related: });b; = 1. Recasting the Strang-splitting more
generally to include asymmetric forms

eBrAN = o0 BloAte® B 4 gry | (30)
where ¥ € [2.0,3.0] specifies the error term and a +a, =1 is an
order condition. Any values for a, and a, may be chosen according to
a,+a, = 1; the limit of a; = 1 and a, = 0 yields the first term of Eq. (20)
(Lie-Trotter splitting), which possessed an error term in Eq. (30) with
k = 2. The optimum in this context is x =3 with a; = a, = 3.

For simulations with small 7, such as those in optimal control, 4th-
order splitting [97] is potentially too accurate, whereas 2"d-order is
insufficiently precise. Furthermore, utilising splitting for adaptive op-
timal control (not described here) [73] performs more effectively with
gradual increases in accuracy (e.g. from 27 to 3™ to 4th orders) rather
than a sharp jump from 2"d-order to 4th-order. Recent publications pro-
vide some odd-orders of accuracy, 3'-order [98] and 5Sth-order [99],
but these are less intuitive; they are conjugate-palindromic. As an
example, the 3td_order splitting [98] is

e(BJr,A)t — ea]‘BreblAreaé‘BrebzAreatheb]Atea]Bt + (904)’ (31)

where, interestingly, the coefficients a; are complex and b, are real. The
interpretation of complex coefficients is left to the reader. In addition
to the splitting orders 0, 1, 2, 3, 4, and 5, sivpson also incorporates a
6th-order splitting [100] for very high accuracy. Although no specific
syntax is provided to define the Trotter-number # in Eq. (21), simpson
effectively implements this through maxdt.

To benchmark the splitting methods, the numerical simulation of
the e~ to 'H polarisation transfer efficiency as a function of the elec-
tron spin offset (Fig. 3B) was evaluated at every 1 Hz. Specifically,
the prato pulse sequence utilising method diag was calculated in
approximately 67 s using a Linux workstation equipped with an Intel
Core i5-3210M processor. The same simulation was performed using
method prop_split, resulting in the following wall-clock times:
split_order 2, 19s; split_order 3,33 s; split_order 4, 58s;
split_order 5, 80 s; split_order 6, 92 s.

The polarisation transfer efficiency values, |(i,)|, obtained via
split_order 2 are inadequate, as the time increment is too large
for this approximation. In contrast, split_order 3 is sufficiently
accurate, while split_order 4 becomes indistinguishable from the
exact method diag. Decreasing maxdt improves results; by defining
maxdt 0.025 (5 = 2), the wall-clock time for split_order 2 is
27 s and for split_order 3 is 60 s. Decreasing the value further
to maxdt 0.0125 (n = 4), the wall-clock time for split_order
2 becomes 42 s. Results of the polarisation transfer efficiency values,
|(i,)|, for these simulations are supplied in the Supplementary Material.

6. Pulse transients

In the detailed evaluation of magnetic resonance experiments, it
is often relevant to include further details concerning experimental
parameters. This includes RF and/or MW inhomogeneity, amplitude-
digitisation and time-digitisation of pulses, and the response function of
pulses. This aspect has been demonstrated clearly by composite pulses
and optimal control pulses, which are resilient to field inhomogeneities.
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Furthermore, pulse/phase transients have been considered in numer-
ous studies [101-104]. Compared with typical cases, mitigating pulse
transients may be even more important for pulsed epr and pne [105],
where the MW pulses seen by a sample may deviate significant from
those transmitted from the console. A transfer matrix may be utilised to
neutralise this effect: by adding an antenna to the resonator [106,107];
by employing a sample with a narrow eer line [108]; through phase
variation in nutation frequency experiments [109]; via feedback control
through a gradient-free optimisation [110,111]; with an analytical
model of the distortions [112]; or by using a calculated response
function [104].

To address pulse transients relating to magnetic resonance in gen-
eral terms (i.e. NMR, EPR, and pnp), an implementation of pulse-response
functions is provided in sivpson-v6.0. This is founded upon the central
premise that a pulse shape may be optimised in a relatively coarse
manner, while the dynamics are calculated with a significantly finer
discretisation by following the coil-distorted shape [103,106,107,113,
114]. Although a fidelity calculation requires only this, a gradient-
following optimisation also necessitates a transform of the gradient
back from the fine discretisation of the spin dynamics to the coarse
discretisation of the optimiser.

The mathematical formalism is established by defining a discretised
distortion operator, ¢,,, and an impulse-response function, A(t). For
simplicity in the derivation, only a single irradiation channel and a sin-
gle control shape are considered. To avoid confusion with non-distorted
pulses, an angular frequency v (covering both phase components) is
utilised rather than the w,, components employed above. Concep-
tually, the irradiation that the spin ‘feels’ (transient-compensated),
o(t) (lower-case, smaller time interval, henceforth 6¢), is a distorted
form of the input shape (rectangular, piecewise-constant, pulses), Y (r)
(upper-case, larger time interval, henceforth 4r), and is modelled as a
convolution with an impulse response (theoretical or experimentally
measured), A(t)
+oo

o) = Y(f) * h(t) = / Y )h(t —t')d! (32)

—00
Henceforth, distorted pulses v(r) are referred to as transient-compensated
pulses, whereas input pulses that have not undergone convolution are
referred to as rectangular pulses. An example of an impulse-response
function is shown in Fig. 6A.
Since Y'(¢) is piecewise-constant and is only physically defined for
t > 0, the integral is rewritten as a discrete sum, with o(r) becoming

h(t —t")dr'

N nAt
o)=Y, /
=l (n=1)At

Evaluating at the centre of a small interval §7, the discrete transient-
compensated pulse may be defined as

1 < nat 1 ’ !/
0, i=v((m = 1)) Z::Yn /<,171>Z<(m_ 1)o =1 )dr

n=1
The integral part of this equation defines the required distortion oper-
ator, which is also cast in a discrete form

nAt . nr
(pmn=/ ht((m—z)ét—t'>dt’= Nyt

(n—1)4 k=(n—1)r+1

(33)
(34)

(35)

The positive integer r € Z*, where r = A4t/6t, requires At to be a
multiple of &7 in siveson. This formalises the distortion operator as a
matrix of size N x M, multiplied by an input vector of length N to
result in an output vector of length M, where M > N and M /N € Z*.
At a distant time, the transients vanish and the pulse is characterised
by the nominal values of pulse amplitude and phase, i.e. a long, contin-
uous pulse converges to the desired input pulse amplitude and phase.
Consequently, the convolution at distant times yields a normalisation

+o0 +oo
/ Ah(t=tHd! = / aihd! =1

© [+

wt>0)=A= (36)
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Fig. 6. (A) Impulse-response function A(f), comprising 40 discrete points in
intervals of 0.5 ns, utilised for optimal control of a broadband pne experi-
ment with amplitudes wg/(27) (B) and phases ¢ (C) for the initial (staring
guess) of the optimised pnxpe experiment. (B,C) Dashed, blue lines illustrate the
piecewise-constant rectangular pulses, whereas solid, green lines illustrate the
transient-compensated distorted pulses. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this
article.)

giving a discrete, complex normalisation factor
M

c=Yn,
k=1

6.1. Optimal control with pulse transients

37)

Returning to the subject of optimal control, the fidelity gradient
requires a convolution to transform the distorted physical-frame (that
of the transient-compensated pulse) back to the computational-frame
(that of the rectangular pulse). Although various methods exist to
define fidelity, its essential property is a measure of the performance
of a pulse in executing a desired task; namely, it serves as a figure of
merit [82].

One such fidelity definition, as in Eq. (19), is the overlap of the final
system state (calculated through time-ordered propagation of individ-
ual piecewise-constant rectangular pulses from a given initial state p)
with a desired state Prarget” The gradient of the fidelity V F, requires the
derivatives of each of these time-propagators with respect to the control
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at that time-increment; specifically, the discrete rectangular pulse. With
the inclusion of pulse transients, the chain rule yields the required
propagator derivative as

L1
oY,

M
do
U P (38)
—= dv, 9Y,
The derivatives of the distorted transient-compensated pulse propaga-
tors are determined using the gradient-ascent pulse engineering GRAPE
optimal control method [74,115-117]

o P
ﬁ = 7)M 7)er2Pm+l xpmfl m=2"
m m

The Jacobian in Eq. (38) may be conveniently calculated using the
distortion operator defined in Eq. (35), with

..]B . (39)

dv

N
m J
= =0 OuYe | =@
a); JK1<;2 mk k> nm

This provides the necessary gradient elements with respect to the rect-
angular pulses (the coarse, non-distorted, input pulse) via a simple mul-
tiplication of the transient-compensated pulse propagator derivatives
by the transpose of the distortion operator

(40)

M
o %
o, = Zlowl 5, “n
n m=1 m

To demonstrate the implementation of pulse-transients in sivpson,
the following simple electron-nuclear two-spin system is created in
spinsys:

spinsys {

e

e 1H

1100000

1 20 0.8676e+6 0 60 O
¥

This spin-system comprises an electron and 'H nucleus, with control-
pulses applied to the electron channel. The g-tensor is isotropic and,
as previously, is set to a nominal value of 1 Hz to permit this param-
eter to be varied in an averaging_file. The hyperfine interaction
possesses no isotropic component, an anisotropy of 0.8676 MHz, and a
Euler angle fp; of 60°. The Hamiltonian for this system is equivalent to
that of Eq. (12) with A ~ —0.22 MHz and B ~ 1.13 MHz.
Common parameters, including those specific to optimal control, are

set in the par section as:
par {

14 .8e+6

alphaObetal

1

1le9

gtensor_1_iso_pm70MHz.ave

Iix

-12z
DNPframe diag

# Parameters for optimisation
false
2
1000
le-9
¥

This simulation configured to optimise a state-to-state problem for
offsets Ay /(2x) € {-70,0,+70} MHz, contained in the provided aver-
aging_file, for a static, single-crystal spin-system defined through
gamma_angles and crystal_file, respectively. In this instance,
the time-propagation method is set to diag to provide a reference for
subsequent methods. It should be emphasised that the optimisation was
set up for a single-crystal system rather than a powder, as typically used
for state-to-state optimal control in solid-state nmr [17,18,118]. This
choice was inspired by the recent finding that for periodic pne pulse
sequences optimised using a state-to-state-like figure-of-merit function,
it could be proved [119] that single-crystal optimisation with a finite
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pseudo-secular coupling yielded the same optimal offset profile as a
powder, subject to a scaling factor [57,58]. In this context, it is noted
that the chosen finite (high) value of the pseudo-secular coupling B,
required for pne without irradiation on the nuclear spins, was ensured
by B = %b,s sin2fp;, using fp;, = 60° as set in spinsys.

The initial stage in utilising pulse-transients resides in the main part
of the siveson input file; specifically, the timings are compatible with
pNp optimal control applications:

proc main {} {
global shp phi shpdist duration

# time resolution is 1 ns (each element is 1 ns)
set t 0.001

set shp [load_shape shape_oc_initial.dat]

set N [shape_len $shp]

set duration [expr {$N*$t}]

# distortion operator, time resolution 0.5ns

set dt [expr {$t/2.0}]
set phi [create_distortion_operator Rsp.dat $dt $N $t
]

# allocate distorted shape with M elements
set M [expr {int ($N*$t/$dt)}]
set shpdist [shape_create $M]

# optimisation
set tfopt [oc_optimize $shp -max 32e6]
save_shape $shp oc_tansients_final.dat

free_distortion_operator $phi
free_all_shapes

¥

In the example above, a file containing a pulse-response function,
Rsp.dat, is prepared in advance, in addition to an initial pulse
guess, shape_oc_initial.dat. The initial pulse guess was pro-
duced from a separate, non-distorted optimisation assuming 1.0 ns
elements constituting the total shape (not shown here). The response
function for this example is illustrated in Fig. 6A, assuming time reso-
lution of 0.5 ns. The distortion operator ¢, in Eq. (35) is implemented
with create_distortion_operator and, at the end of the input
file, with an associated free_distortion_operator (see Table
1).

A distinct phi (and associated response function) is required for
each control-pulse channel subject to distortion. Significantly, the flexi-
bility to utilise different pulse-response functions for various irradiation
channels is advantageous, e.g. in the optimisation or simulation of het-
eronuclear solid-state NMr experiments where different circuit O-factors
apply at distinct frequencies.

The pulseq section propagates the distorted shaped pulse (here
named shpdist):
proc pulseq {} {

global shpdist duration
reset
pulse_shaped $duration $shpdist

oc_acq_hermit

b

The internal smpson command oc_acq_hermit then calculates the
fidelity defined in Eq. (19). The application of the distortion within the
target_function is formulated as:

proc target_function {} {
global par shp phi shpdist

# create distorted shape
distort_shape $phi $shp $shpdist

# calculate target (one number)
set par(mp) 1

set f [fsimpson]

set Resn [expr [findex $f 1 -re] ]
funload $f

return [format $Resn]
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where the shape shp is distorted to an output shpdist using the
distort_shape function and the previously created distortion oper-
ator phi. The remainder of the target_function comprises stan-
dard optimal control functionality. Note that the distorted shape must
be regenerated before every call to £simpson, as the optimisation
procedure iteratively updates the original shape shp.

The gradient function for the target_function above neces-
sitates further scrutiny:

proc gradient {} {
global par shp phi shpdist

# create distorted shape, prepare gradient
distort_shape $phi $shp $shpdist
oc_grad_shapes $shpdist

set par(np) [shape_len $shpdist]

set g [fsimpson]

# reconstruct grads w.r.t. original shapes

set gg [fcreate -np [shape_len $shp] -sw $par(
reconstruct_gradient $g $gg $phi

funload $g

)]

return $gg
¥

Specifically, an initial step involves distorting the required shape with
distort_shape, consistent with the target_function. A gra-
dient with respect to the pulse parameters of the distorted shape is
initialised with par (np) points. The output gradient required by the
optimiser is then generated with a number of points corresponding to
the original shape; this is utilised in the reconstruct_gradient
function, according to Eq. (41), using the distortion operator phi (the
necessary transpose of which is calculated internally by smvpson).

The convergence of the fidelity is illustrated for split_order 2,
3, 4,5, 6, and diag as a function of wall-clock time for a single-
crystal in Fig. 7A. This optimal control problem is somewhat syn-
thetic, comprising three simultaneous state-to-state problems, and is
intended primarily to demonstrate the acceleration in comparison to
the examples in the previous splitting study [73].

When considering a broadband ensemble, the concept of exact opti-
misation on an approximate landscape [73,120] loses a little applicability:
the ensemble constitutes an average optimisation, and the average
smooths the approximation within the optimisation landscape. This is
evident in Fig. 7B for an ensemble A /(2x) € [-60, +60] MHz with 61
equally space offsets. Here, split_order 2 remains the most rapid
method, whereas split_order 3 is hampered by an approximation
that is too accurate for certain members of the ensemble. Conversely,
split_order 2 does not yield fidelities that diverge from an exact
calculation of the fidelity (the dotted and solid lines in Fig. 7B are
almost identical). Essentially, the error in the fidelity calculation is
averaged away. This finding indicates that split_order 2 is suffi-
cient for ensemble optimisation and, in the presented example, gives a
simulation that requires approximately half the time of an exact fidelity
calculation (diag in this instance).

Figs. 7C and D illustrate offset profiles simulated using crys-
tal_file rep2000 (green) and as a single crystal (blue). The
dashed lines represent simulations excluding transients (rectangular
pulse), while the solid lines in Fig. 6 incorporate transients (transient-
compensated pulses) generated with the response function. Fig. 7C
depicts the bandwidth of the initial pulse before optimisation, and Fig.
7D depicts the bandwidth of the pulse produced from the optimisation
that utilises the transients from the response function. Evidentially, the
optimisation commences from a pulse that is optimal in the absence
of pulse transients. The amplitude and phase of the pulse generated
with the transient-inclusive optimisation are shown in Figs. 7E and
F, respectively. For all simulations, it should be noted that the offset
profiles for the single-crystal and powder simulations are virtually
identical, to within a scaling factor of 0.73. Despite this being the onset
for the optimisation, it is remarkable that this remains the case for
state-to-state optimisation of pulse shapes with very long duration. This
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Fig. 7. (A) Simulation time for three simultaneous state-to-state optimisations covering offsets Adwg/(27) € {-70,0,+70} MHz. Dotted lines represent the fidelity
determined via the splitting approximation, while solid lines represent the same data points determined using an exact fidelity calculation (the exact fidelity
calculation is omitted from the timing). (B) Simulation time for an ensemble of state-to-state optimisations covering offsets Awg /Q@2x) € [-60,+60] MHz with 61
equally space offsets. (C) Bandwidth of the initial pulse utilised in (B), simulated with crystal_file rep2000 (green) and the single-crystal crystal_file
alphaObetaO (blue). Dashed lines denote the simulation excluding transients, whereas solid lines incorporates transients. (D) Bandwidth of the final pulse
produced in (B), simulated with crystal_file rep2000 (green) and the single-crystal crystal_file alphaObetaO (blue). Dashed lines denote the
simulation excluding transients, whereas solid lines incorporates transients. The final pulse that produces the blue, solid lines in (D) is illustrated in (E) for
amplitude and (F) for phase. Wall-clock time was measured using a Linux workstation with an amp Ryzen 7 5700G 8-core processor. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

significantly accelerates optimal control optimisations, as demonstrated
earlier in the optimisation of periodic pne pulse sequences [57,58], and
may serve as inspiration for state-to-state optimal control optimisations
for powder samples in more general terms. In the context of optimi-
sation of powder pnp pulse sequence by single-crystal optimisation, it
should be mentioned that periodic single-crystal optimised pnp pulse
sequences can, remarkably, be translated directly into powder mas
solid-state Nmr dipolar recoupling sequences [119].

7. Quadrupolar second-order cross-term interactions

Another area of considerable and increasing interest within the
solid-state NMR community concerns quadrupolar spin nuclei, which
will finalise examples of novel features in this version of simpson. This
implementation highlights the necessity for the continuous develop-
ment of the software platform to address challenges in high-order
simulations, as increasingly advanced experiments on progressively
challenging samples are performed.

16

Quadrupolar nuclei, possessing a spin quantum number larger than
%, play an important role in materials research, with a growing inter-
est in the characterisation of energy-storage materials and functional
materials. Frequently, the quadrupolar coupling interaction is strong
and must be treated using higher-order perturbation theory. For the
pure quadrupolar coupling interaction, such features are already im-
plemented in siveson and controlled via the quadrupole keyword,
whereby the user specifies the desired perturbation level, ranging
from 1 (first order) to 3 (third order). There are, however, other
important higher-order terms, such as second-order contributions that
mix the quadrupolar coupling interaction with either the chemical-
shielding anisotropy (csa) or the dipolar coupling interactions of the
quadrupolar nucleus. A detailed theoretical description of these second-
order Hamiltonian cross-terms is provided, for example, in the works
of Wi et al. [121,122] or more recently by Ashbrook et al. [123].
The relevant mathematical formulae, together with a brief outline of
the derivation based on the perturbation theory, are provided in the
Supplementary Material. It should be emphasised that this treatment
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Fig. 8. 'H mas nvr spectra demonstrating the residual dipolar splitting effect
of a dipole-dipole coupled “N nucleus with a strong quadrupolar interaction.
The actual 'H line-shape depends on the mutual orientation of the dipolar and
quadrupolar tensors, expressed using the Euler angles a, g, y that define the
orientation of the dipolar tensor within the quadrupolar principal-axis frame.
In (A), the two tensors are assumed to be collinear, i.e. « =0°, # =0°, y =0°,
whereas in (B) and (C), f = 90°, y = 0° and f = 90°, y = 90° are specified,
respectively. Other parameters include: C, = 3 MHz, bis/(27) = —7 kHz, a mas
frequency of 50 kHz, and a 'H Larmor frequency of 800 MHz.

has limitations compared to more rigorous diagonalisation of the mixed
Zeeman-quadrupolar Hamiltonian, which would be a more appropriate
approach in cases where Zeeman and quadrupolar terms are of similar
size. The new features presented here concern simulation of residual
dipolar splitting [124-126] and 2D stMas experiments [127].

Residual dipolar splitting is observed when a spin-i nucleus, typi-
cally a high-y spin such as 'H, is dipole-dipole coupled with a
quadrupolar nucleus possessing a large quadrupolar coupling, e.g. '“N.
The consequence of such interactions is the splitting of the resonance
line into two components with an intensity ratio of 2 1 and a
complicated powder pattern that depends upon the mutual orientation
of the two interaction tensors, as demonstrated in Fig. 8. Depending on
the coupling strength, this effect may challenge spectral resolution in
compounds where nitrogen atoms are not isotopically labelled with 'SN.
Such detrimental broadening may be reduced/alleviated by heteronu-
clear decoupling of the 4N spin. However, this is not a straightforward
task, given the general difficulty in developing efficient and broadband
decoupling sequences for quadrupolar spin nuclei [128]. In such in-
stances, numerical simulation may provide essential insight into the
decoupling performance [129].

Another substantial effect of the quadrupolar second-order cross-
terms on spectral line-shapes may be identified in 2D stmas experiments.
In such experiments, finite RF pulses may be utilised to excite and con-
vert satellite transitions to the central transition, employing a split-¢1
variant of the experiment. Representative simulated spectra are illus-
trated in Fig. 9. The second-order cross-term between the quadrupolar
coupling and the anisotropic shielding (csa) interactions of a spin—%
nucleus leads to a separation of the two satellite transitions. This
separation, depending on the crystallite orientation, is not refocussed in
the stmas experiment. Similarly, the 2D peak pattern is split into two or
four components when the quadrupolar spin-% is dipole-dipole coupled
to another spin—% or spin—% spin, respectively.

A logical prerequisite for such simulations in smpson is the defi-
nition of quadrupole, shift, and/or dipole interactions within
the spinsys section of a siveson input file. Additional Hamiltonians,
describing second-order cross-terms are triggered individually for each
cross-term with the syntax:

N1
N1 N2

where N1 is the index of the quadrupolar nucleus, as defined within the
nuclei keyword, and N2 is another nucleus dipole-dipole coupled to
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the quadrupolar nucleus N1. When generating the cross-term Hamilto-
nians (indicated by x), the parameters of the corresponding coupling
tensors (quadrupole, shift, dipole) are utilised automatically;
this includes their relative orientations, as defined by the Euler angles
of their pas within the crystal-fixed frame.

Simulations presented in Fig. 9 provide an informative example for
analysing calculation speed and comparing different methods imple-
mented in simpsoN. A quadrupolar nucleus with spin—% is assumed, for
which the Hamiltonian matrix dimension is 4 x 4 in Hilbert space. The
quadrupole and csa interactions, and their cross-term, are all described
by diagonal operators I,; the calculation of the necessary propagators
is trivial, implemented with an analytical integration over the time
period during sample rotation as the default method in smvpson [3]. The
most time-consuming part of simulation is the computation of the RF-
pulse propagator, where the total Hamiltonian is no longer diagonal. By
default, sivpson utilises matrix diagonalisation via eigen-decomposition
(method diag). The spectra in Figs. 9A and B were calculated in
approximately 277 s using a Linux workstation with the amp Ryzen 9
7950X 16-core processor. This work utilises the splitting method, which
splits the total Hamiltonian into interactions (a diagonal matrix in this
case) and RF pulses, for which the analytical formula is employed
(see Eq. (18)). Utilising method prop_split and split_order
2, the calculation took 267 s, resulting in a negligible speed-up due to
the small matrices involved in the computation. Using split_order
3 leads to a significantly longer wall-clock time of 760 s, as more
operations are required for propagator construction at higher precision.
Note, however, that all three calculation methods yield equivalent
results, with visually indistinguishable 2D spectra.

When the quadrupole nucleus is dipolar-coupled to a spin-% (the
case illustrated in Fig. 9C), the Hamiltonian matrix dimension is 8 x 8
in Hilbert space. The interaction Hamiltonian is diagonal (heteronu-
clear dipole-dipole interaction is truncated to the I,S, term) and the RF
Hamiltonian is off-diagonal. Simulations using the default diagonalisa-
tion method required 1619 s in this instance due to the increased matrix
dimensions. In a previous version of sivpson [16], the block_diag
method was introduced; this is utilised used in cases when the RF field
is applied only on one channel (the quadrupolar nucleus) while the
coupled spin-% nucleus remains unperturbed. Under these conditions,
the RF Hamiltonian is decomposed into two diagonal blocks of size
4 x 4, and the eigen-decomposition is applied twice to each smaller
matrix. The calculation is accelerated, finishing in 548 s wall-clock time,
almost three-times faster.

The prop_split method avoids diagonalisation altogether; calcu-
lations with split_order set to 2 or 3 were completed in 276 s and
802 s, respectively. In the final case (Fig. 9D), the quadrupolar nucleus
is dipolar-coupled to a heteronuclear spin-2, resulting in Hamiltonian
matrix dimension of 16 x 16 in Hilbert space. The full diagonalisation
(the default) and the block-diagonalisation (method block_diag,
with the Hamiltonian divided into four 4 x 4 blocks) required 3556 s
and 2547 s, respectively. Using the approximate splitting method with
split_order 2 or 3, the corresponding wall-clock times were 287 s
and 860 s, respectively, providing an order of magnitude acceleration
in this particular case. The wall-clock times for the splitting method
remain relatively constant across all cases presented in Fig. 9, increas-
ing only moderately with the Hamiltonian dimensions. The success
of split_order 2 arises from calculating propagators over short
time-increments (set to 0.05 ps via the maxdt parameter) in order
to follow closely time-modulations of the strong quadrupolar coupling
interaction (4 MHz) induced by sample rotation at a mas frequency
of 50 kHz. Corresponding input files are provided in Supplementary
Material.

8. Conclusion
Driven by the strongly increasing needs for advanced numerical

software enabling design, understanding, and interpretation of ad-
vanced experiments in magnetic resonance, this work introduces a



D.L. Goodwin et al.

A

0 -5
wy/(2m) (kHz)

-10

Fig. 9. 2D stmas spectra (split-71 variant) calculated assuming a spin I = %

coupling constant, and zero asymmetry) and real pulses (100 kHz RF amplitude with 1.6 ps pulse length for satellite-transition excitation and conversion to the
central-transition; 10 kHz amplitude and 25 ps length for the soft central-transition inversion). (A) Simple pattern is obtained when cross-term effects are ignored.
(B) The peak splits under the influence of the quadrupolar—csa cross-term (csa of 500 ppm, zero asymmetry). (C) and (D) illustrate the effect of the cross-term
between the quadrupolar and dipolar interactions (dipole-dipole coupling constant of 10 kHz) with a spin I = % and a spin I = % nucleus, respectively. The
interaction tensors are assumed collinear in all cases.

substantially upgraded version of smveson. This version includes nu-
merous new features with particular focus on experiments involving
electron spins, which immediately supports the calculation of pulsed
epr and pnp experiments. To further comply with increasingly advanced
pulse sequences and larger spin systems in real experimental settings,
novel aspects of optimal control, advanced propagator splitting, mas
modulated field inhomogeneities, and handling of pulse transients have
also been introduced. Enhanced user and supplementary software in-
teraction for visualisation has also been addressed to meet new re-
quirements for efficient simulation software, particularly embracing the
rapidly developing interface between nmg, Epr, and pne. It is recognised
that this version addresses contemporary needs, yet may not encom-
pass all future developments in magnetic resonance. Consequently,
the programming foundation has been migrated from C to C++ in a
GitLab repository with an increased level of documentation to facilitate
community development of future versions of simpson.
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Data availability
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//gitlab.au.dk/nmr/simpson). In addition, easynmr workflows for each
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